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o 1915 Birth of General Relativity and in 1916: prediction of
Gravitational Waves

Line of Zerc Orbital Decay

o 1974 Hulse-T 9u»0« 1.:,58, :
First indirect detection of GW
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@ Nopm ﬂm&ﬂmm &m«ﬂﬁﬁm &ﬂmmﬁmwes 0* vm:pd’u o 1975 1980 1985 1980 1985 2000 2005
black hole merqer: event GW150914 vear

Cumulative shift of periastron time (s)

o 2017 First direct multi-messenger detection of binary neutron
star merger: event GW170%17




The three wmessengers

Grravitational / iElectromagnetic N\, Particles
waves \, waves I hice
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Masses in the Stellar Graveyard

in Solar Masses
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Hanford, Washington (H1)

I I I

| — H1 observed |

0.30

Estimated source parameters
Quantity Value

Primary black hole mass 36.2

- L1 observed

- H1 observed (shifted, inverted)

0.30

Upper/Lower error
estimate

+5.2 -3.8

0.35
Time (s)

|
0.40

Secondary black hole mass 29.1

+3.7 -4.4

Final black hole mass 62.3

+3.7 -3.1

Final black hole spin 0.68

+0.05 -0.06

Luminosity distance 420

+150 -180

Source redshift, z 0.09

+0.03 -0.04

Energy radiated 3.0

+0.5 -0.5




Current W detectors

LIGO Livingston, LA LIGO Hanford, WA




Upa:amiv\g debectors

» Pulsar timing arrays

» Laser Interferometer Space Antenna (LISA)

» Einstein Telescope




THE GRAVITATIONAL WAVE SPECTRUM

quantum fluctuations in the very early Universe
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GW and string
mrwsﬁu

o Gap bebween Planclke scale and
observations

o Effective field theory approach:
GR+suppressed modifications




Modifications of GR

Lovelock’s theorem:
“In four spacetime dimensions the only divergence-free symmetric rank-2 tensor constructed solely from

the metric g, and its derivatives up to second differential order, and preserving diffeomorphism
invariance, is the Einstein tensor plus a cosmological term.”

™~

Relaxing one or more of the assumptions allows for a plethora of alternattive theories:

Higher dimensions _ 7 WEP violations —

v
\\\
.\
~

~—a Diff-invar. <.o_mao:m_

(SEP violations)

Nondynamical mo_am— Dynamical fields Massive gravity _ Lorentz-violations —

Palatini f(R) e dRGT theory Einstein-Aether
Eddington-Born-Infeld - Massive bimetric Horava-Lifshitz

gravity n-DBI Berti et al., CQG 32, 243001 (2015)

Scalar-tensor, Metric f(R) Einstein-Aether TeVeS
Horndeski, galileons Horava-Lifshitz  Bimetric gravity
Quadratic gravity, n-DBI




These lectures: mieivsnpu
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bound orbits: v2/¢2 ~ GM/rc¢?2
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Oubtline of these lectures

1. Post-Newtonian/Post-Minkowksian theory
1.1. Propagation, linear GR theory

1.2. Interaction with test masses, freely falling
frame, TT and detector frames, energy of GW

1.3, Generation of GW

1.4. Quasi-circular inspiral of compact binaries
2. Black hole Perturbation theory

2.1, Mathisson-fapapetrou-Dixon theory

2.2. Quasi-normal modes - Blacike Hole mwmﬁmﬂc_mﬁswu
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Perbturbakion theory

Jur = NMuv + Ny Ay < 1

Residual gauge transformations:

¥ — g = 2" + £ (x) 016, < 1
huv(T) — R:\A&,\v = hyy(z) — (0uéy + 0LE,)

Mt TE @t F:\
v » tavariant under
Poincaré transformations

mu_i_immﬂwmmn




Linearized Riemwalnin

1
NWESOO. = MA@TQENNIQ e mwtmwQ\wtb e @t@bth.| @T@W\@Ibv\

We define
h=n

Trace-reversed mmﬂmgﬂvpﬁsi

- 1

hyp =100 mscw\@

Note

h=n""hu, =h—2h=—h

Ry = w{: s 1, 0




Prove

1
Bf maw@bm:q a0 h,, — 0,080 0,1,

Remember

Jap = Nap + hagp

1
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Linearized Einsktein

. l : i 167G
P + T 0P8y — PR O, =~

Ly
C H

We can use the gauge freedom to go to
harmonic / de Donder gauge / Lorenz gauge

O hy— 0

Indeed, under z# — g = g# + ¥ (1)

Nﬁ:t e N@tt 53 Amwtm.t T mwtm..: i dtt@bwﬁcv

OLRY, =i h,, — Ll

H% Qﬂmwwvﬁrﬁ‘u QTN@IN\ — ,\JEA.&.V we heed to solve Mt - \tA&.v

to reach harmonic gauge. This is always possible.




In harmonic gqauqge

Acting with 0" we get by consistency 9T, = 0

o This equation is important both for
generation of GW and for propagation

Oubside sources,

hw =0=(—==0; + V)h,,




TT gauge

For £Mharmonic EH =0 then m:t . tMt = @tMt s dttmwbmw

s harmonic,

Out of the 10 components of NE\
QSJ 2 wﬂcwpwpmm as a wave,

We choose m,o such that h = 0
Proof: tr(hu, +E€.) = b+ 20,6% — 40,

i

Solve the ODE  00€" 4+ 0:¢' = mv for )

Residual gauge parameter: (") harmonic

Ik ,.,_iw:&m




TT gauge

For £Mharmonic EH =0 then m:t . tMt = @tMt s dttmwbmw

s harmonic,

Out of the 10 components of NE\
QSJ 2 wﬂcwpwpmm as a wave,

We choose m@ such that R =0
Proof: hoi + &oi = hoi + 00&; + 080

Solve the ODE mom@. = —ho; — 0:&0 .,mc% m@.@og&d
Residual gauge parameter: £'(27) harmonic

Ik ,.,_iw:&m

=




Harmonic gauge reduces to

U = 0— @oboo e mwsbos e @oboo —=) i \\SOAMMV

L g R Newtonian mcmmSmwpw
H i Lier that is irrelevant for propagation
We set ik bo zero

We reached TT qauqge. Note that it cannot be reached inside of
sources because [JHHY wm 0

We write a decomposition in plane waves in terms of the
polarisation tensor

Fwwﬂ A&v i m&wAMvm&m.&l&Ew

Ela W = \M
b = (— & = e
Agu vu C ;T n 7\6;




Polarized GW

Choose 1 along the z axis

hit(tz)=| kit —hy 0 | coslwlt— mz
0 U ¢ 40

This gives the linear solution




TT Projector

CGriven a wﬁpﬁm RY AV b A v mﬂempwpmgw along the direction n
already in harmonic wo&.wm but not yet in TT gauge, we reach TT
gauge as

> 1 a
A wilnl = BB — mﬁs@a Fij = 0i5 — nyn;




Prove the following properties of

1 i
Aij () = FirPjt — 5 Fij Py Pij = 045 — nyny
(L) Tﬂn&&ﬁmgﬂ >§.“§>§u33\ s >§.u33
Q,..,v Eransverse §s>§.u§ — () S\A»\/\G&i
(iil) traceless >?£ = 0= >§§

(iv) harmonic DS. = () = @wN:& el A»\/@.“\ibiv Py

0
7 (Nij pihi) = 0

wWhitke
board




Prove the following properties of

1 i
Aij () = FirPjt — 5 Fij Py Pij = 045 — nyny
(L) Tﬂn&&ﬁmgﬂ >§.“§>§u33\ s >§.u33
Q,..,v Eransverse §s>§.u§ — () S\A»\/\G&i
(iil) traceless >?£ = 0= >§§

(iv) harmonic His =0 = @w@i == A>§§b£v =10
7 (Nij pihi) = 0

Py =2
: [n; = —2n;
Himks: Sn. o 8 =m0, + 8,00,
o White
b board




1.2, Interaction with test
masses, freely falling frame,
TT and n»m.mﬁﬁmsﬂ frames,
energy of GW




Interaction of GW with
tesk masses

o Delectors idealized as kesk mwasses

o Computations done in a reference frame. Physics
nvariant under the choice

o GW are simple in TT gauge. It corresponds to a
specific reference frame/observer

o Detector is wore inbuitive in anocther frame, the
detector proper frame

o We need to switch between the two frames

o Physical intuition comes from the geodesic
deviation equation




Local inertial frame

o It is always _wcmmwv»ﬂ to choose
coordinates such that the Christoffel
mu_ivc*.m vanish at one wswg.m

o The resulting coordinate system
around that point is called a local
inertial frame




Freely falling frame

o It is Prio,um msmm@v»ﬁ to choose coordinates
such that ol an entire timeline geodesic, all
Christoffel symbols vanish

o For each point ¥ in this frame, the geodesic
equation becomes

d2

dsf

o In this frame, a test mass is Tﬁ&.u falling.

It gives a realization of the equivalence
principle.

@0,




Laser Interferometer Space
Ankenna (LISA)

F 2 millions lkem

3 drag-free satellites:
Spacecrafts that adjust their position with thrusters
i order to remain cenbtred about a Tmm»u floating mass

To be launched n 2034




Fermi normal coordinakes

A %ﬂﬂm»u falling frame naturally define a special coordinate
system around the test mass Llocated at (0,0,0).

Ik is called a Fermi normal coordinake mummmg.

Sunce

Q Sl
ﬁmq? g
the mwmebric arocund bthe btest mass has no Linear kerm i &&

There are guadratic terms proportional to the Riemann tensor,

Ll : 2 :

&mw ~ |Qw&mw? i mo&ou&\@&: i MQ&&S&NAWNWO?\AHQH\J
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(reodesie m.&gpmwQS

Consider a curve /()

The inkerval ds bebween 2 10?@ mmwo%o,mmnﬁ vu d)\ is

7 v
e godrides— g1 &&&y M&y d\?
The velociby is uf = &.&|t
/ dX
For a timelile curve the proper time 7 is defined as
cAdr® = —ds® = I,Qt::tﬁv&yw
or after using A =71 g,ufu” = L

The classical trajectory of a particle test mass m is obtained by
extremizing the action

Tf
mHIS\ dr




Parallel Erawns msﬁm

Consider a geodesics with proper time T

We introduce the covariant derivative along the curve T T. v

DV dx?
= FTH VY ——
DTt ot L s
DVH
Property: oL Eransforms as a vector.

The vector is parallelly transported along the curve.




(reodesic deviakion

Now consider 2 geodesics, each one with proper time 7T

Telr )+ & )

digl ™ &8 ) diggdi+ £°)
dr dr

If |EM] is negligible wikh respect to the variation of the
gravitational field, we can expand at first order in £"(7)

— i

d? £ dx'at? dz¥ dxP
ANl - £°0, 1 = (]
dT? “Odr dr S T dT
D2gn da” da”
Prove: m = Imqmt ok

D72 T dT




(reodesiec deviakion

2 ¢t M ;
Dt @A@m L &&v

iBira or vps
wwMz NMM: 2y |y®yﬁ m:@ LI s

WNM: =5 e QWH mwwb i mww/ B malb + T — terms
WMM, =7 (815, = 0,17, mww ﬁww + T — terms

0




TT frame

This is the coordinate frame in which the metric is in TT
gauge

Consider a bkesk mass initially ot rest ok 7 = ()

The geodesic mﬁspﬁeﬁ LS

da ; dr” daf
dT? 2 =0 =1l Av%. %; g
; dx” 2
= —[Tho(S-)?)
because |
dx’




At Linear order, Juv = Nuv T DE\ after taking Cartesian

coordinates for the backqground.

1
H)\N(\@b e MSIQAQN\\@EQ iy @b\\wtq e @thbv
. 1
00 = m@@obo& — O;hgg) = U
i TT gauqe. Therefore,
e
ﬂ?”o =

In TT frame, particles which were at rest before the arrival of
the wave remain ot rest even after the arrival of the wave!
(hon-Linear effects are highly subleading)

The coordinates stretch themselves so that the position of
the free test masses do not change




We can define the coordinates using freely falling test masses

€
Cy

Cyx
What aboub kime? In TT gauqge, hooi—="Ry; = 1)

The proper time along a timelike trajectory xH(7)is obtained

from
dx’ dx?
2 2 2 742 ﬂm,_ 2
dT° = c°dt® 110, ; b dt
cds C A i v o
dr’
For a test mass @Smmwpﬁu ab rest &| = § YT
i

iy T =1

In TT gauge, the proper time of a free test mass initially at
rest is the coordinate time




0f course, proper distances change!
Consider the distance between (t,21,0,0) and (t,72,0,0)

The coordinate distance L = 19 — 11 is a constant

But the proper distance after the passage of the wave is

2
Bl \ \ Q&H&& TtV ,QH&A&M o &Hv
1

1
— /1% hicosli I~ {1+ m?j cos(wt))

This is the basis of interferometry

rmwrm. beam
Mirror Mirror
(test wmass) (test mass)




Earth detector frame (LIG0/Virgo)

o Distance computed using rigid rulers

o No free fall with respect to the local inertial
frame

= —( is the acceleration of the Laboratory

o Local rotation with 1&%&% to Llocal
gyroscopes (e.9. Foucault pendulum)

—

() is the angular velocity of the »ofvoﬂo,mcﬁu with
respect to local gyroscopes.




Earth detector frame (LIG0/Virgo)

Resulk up to O(r72) is r =\ ptyr?
inertial ace.  grav. redshift  Lorentz time dil.
2 iE | )
2 2 2 - — - —\2 —\ 2
ds® =~ —c“dt ?+m|m®.&+n|i@.&v IMAQX&V o0 T
o . 9 : GW and varying grav.
e MQ&N&&ﬁImQ\Aau&.w P Imwoﬁ.\abuw&.ﬁ
C Saghac effect 3 GW and varying grav,
~+ dx'dx’ Twi T Wmiﬁ.NHw&J

&W and varying grav.

This is the detector frame used vu experimentalists on Earth

We denote by [ the typical variation scale of the metric




Earth detector frame (LIG0/Virgo)

C

ok ; 2 ;

i MO&N&HﬁImeSQRN - Wmo@wbuu.&j
C

|_| &&.&&Q Tmﬁ | Imiﬁi&.

l
3 !

We denote by [ pthe bypical variation scale of the metric

a 1 i
o iy el o g i
o N\mv e N\wm
At order QA%% Minkowski (in contrast to TT gauge
B

where there is no such mxwpsmg,&u

Newbonian corrections

—a' —2(Q2 xv)" 4+ O(x")
Earth Coriolis
gravity force

GW and noise from varying gravity




In conclusion, a description in terms of Newtonian concept of
forces is msmmwv»ﬂ in the Earth detector frame.

Graviational Waves are subleading with respect to uncertainties in
Earth gravity and Local rotation, Newtonian and seismic noise.

Skrain

Quantum noise

10727

Seismwic

pord el Newktonian noise

Etnstein Telescope: 2 possible sites: Sardaigna (better seismic
noise) and Eureqgio (better Newtonian noise)




In conclusion, a description in terms of Newtonian concept of
forces is msmmwv»ﬂ in the Earth detector frame.

Gravitational Waves are subleading with respect to uncertainties in
Earth gravity and Local rotation, Newtonian and seismic noise.

M Virgo
B Hanford
0 Livingston

Frequency (Hz)




To isolate GW, we focus on detector in iks ijz,mﬁﬁu window,
Accelerakion is ﬁG_imempmmm,. vu msmwm,}oﬂmﬂm.

Only Riemanin terms matter and the expression reduces to /(1)
freely falling frame, as far as we only look at components of
in the direction unconstrained by the suspension mechanism

If we look at the equation for geodesic deviation at the centre
P of the local inertial frame

Nww ) &w ) ; . &Ro
ﬁmw?u = S = |m = —R';0§ A|vw
D72 e . J dr
(/
Nown relabivisktic wotion @ dx 23
< ~ C
dr dr
5 :
&= m&ob.omQ —  We caln ﬁo_gm.smm the
15 . w Rienahnin any %195;&.
2 JEdi
= AI%E&. e ncluding TT gauge.




Finally, tn Earth detector frame in the directions unconstrained
by suspenders:

In the Earth detector Tpszﬁ mrm @mmmﬁm 0% GW on a point
particle of mass m is described as a Newtonian force

T = \@3%
without reference to GR.

Note that here we assumed Krs_ < Lp which is brue for LIGO.




Motion of test masses

o We consider a ring of test masses tnitially ot rest in the
Earth detector frame.

o We fix the origin at the centre of the ring

o Then ¢’ describes the distance w.rt the origin (coordinate
distance = proper distance)

o We consider GW propagating in the z direction. The ring is
i the Ofuv plane

DMH? zy=1 hx —=hy 0 | cos|w(®— mz
0 0 0

m@ \Nﬂﬂm,w




bwﬂg zy=1 hx —hgy 0 | cosjw(t— mz
0 0 il ey

S111
el
& %@%

o If the particle is ot 2z0 at k=0 it
will remain there,

o Therefore, GW are transverse i
their physical effect: they &.wmmgﬁm
the test masses transversally wart.
their direction of propagation




We write

&i(t) = (zo + 0z(t), yo + dy(t),0)
A&? @oV tnitial wcmwmwcﬁ

0T <K Zo, oy < Yo

A - : h :
For = — (—w?) sinwixzg S = —zosinwt
h 2 1 2
! h h
o1 = %EM sin wtyg 01 = I%r@o sinw t




Helicity of the graviton

Invariance under
rotations of angle

Proot: 1 gt gl
0 cosyY —sin® 0
/ ZENCHE Y P g Lo

DE\A&V % \S:\A& v T >t >t DbQAHV A= 0 mi\:b OOMQ 0
0 0 0 1

S Rl J h, hy 0 2

hgT(62) = | hx —hy O Jeoslu(t=2) = AT(Z) = | By By O | coslw(t - 2)]
0w 00 < 08 0 ¢
'+ = hycos2y — hy sin 2 Ry £ihy > eT2Y (R, £ ik, )

h', = hy sin 2t + hy cos 2y

helicity eigenstates




Enerqgy of GW

It is clear that GW carry energy-
momentum: they can accelerate masses w
(Derived by Bondi in 1961)

According to GR, any form of energy
induces curvature

. GrW Ehen baclkereacts ab second order
vmusin» Linear order and bhat curvabure
allows ko define enerqy.




Cownsis mmSnN of
2

mﬂﬂmsﬂvo,mwc.ﬁ eory
Juv Hdttl_lbttl_lb.mww e Stt_ e

Consistent if backreaction is smaller than the perturbation
(for from masses)

In general, close to masses that generate GW:
Qtt”,@ttl_l?ttl_l\@mm\vl_l... _D.E\_ gl

We will distinguish the notion of background and
wwﬂmgﬂvpmwss. vu their Tmﬁsmﬁﬁu content :

background = Low T.ﬂﬁsﬁ\ﬁu
perturbation = high frequency




We consider the situation in which in some reference frame
we can separate the metric into a background plus
fluctuations where separation is based on a scale in time or
space (“short-wave mxprmwQSJ

X<lp f >0

{ >§w§m$o»m

Newkbownian ™
Seismic

xm |

.. g
Juv — Guv a2 \@\t\

Two small mpﬁ&immﬁmn (1) h= QADE\V

T /B

iy I




We now mx,mo;)n» Elnstein’s equations to &Spnpﬂo,mwﬁ order in DE\

L E: 1
NW?T o mﬁ QNFT ||WMQ1TQ@V

Ry (9] = R lgl -+ R Mgl + B2 [k Jsg] -
low freq  high freq both modes

modes modes FE—kE |, 0
- StG 1
Low low
Low mode egs: R, = Iﬁwm\: iy m%@ (Lo~ %mz:ﬂv
: 1 2)1High i high
High mode egs: NMEV - ITNME: S - (b M,Q:tﬂv ;)

The low equation gives energy-momentum of GW. It can be
obtained practically as follows. We introduce an intermediate
time scale T | 1

IS e o
IB /




We then average over t, Le. over many periods of GW:

This was understood i bthe sixties. This is a renormalisakion

group flow. We integrated out high frequencies to describe
physics of Llow frequencies.

We define the effective stress-tensor of GW
4

¢ I
= _ ()88 L - (2) 2) _ —uv p(2
buv = e (B M,S:\m ) =g mM:\v
4
C i
— wttw L, = + mﬁv because Juv is
¥ mﬁQA v Llow Tﬂ&.&mﬁﬁu
We deduce
81l 1




We define

| 9 g s
ANJ,E\ e M.QE\MJV — MJE\ |M.Q.§\m~4
The effective Einstein’s equations at low frequencies
- e |
Ry = lﬁusmwwvv i A (L Mmt:ﬂv

Vﬁﬁnv e

This is the coarse-grained form of Einstein’s equations

We equated different orders in h. This is possible because

A

there is a second small mpﬂp_ﬁmmmﬂ = i
B




mxw_.mﬁ% mxwﬂmmmwc_ﬁmn

PO = 1 - B B B B
5979 o Mbtangbqum + Abb*:\Qqua:m - bm#:qv

2
+*§QAU qm -+ Umb FE\ - bub F:Q — Umb \:\QV

+A bq - D #QqXU 3& +D ?\m UQFE\L




Eunskelin ﬁﬁgpmwsim.. conskrainks
own the smwall wpﬁp.ﬁmmﬁﬂm

: Lol oo Sale &
Ry — M,QE\N ar (Thw + tu)

We choose coordinates such that gy = O(1)

2

Elnstein’s equations give

1 h?
M T + (matter)
¢ 1 h?
1f dominant makter — > —

L% 0 A

Therefore, f background slow frequency perturbation are
neglected, the perturbation series in h breaks down.




Crravikabional energy
—mwomenbum tensor

The energy-momentum tensor can be computed assuming

Juv = Mur (far from sources, ignoring Earth gravity)

by = — = () = 25, R®)
§ BrG 2t Hia ) v o

We do Ethe computation in harmonic and h =0 gauqe

O.h* =0, h=0




In harmonic gauge, a perturbation is a superposition of

&95& WAVES

. |$\..\m. — 5
\ft o \mtt@ft@ 3 vg k = 63

We have

(10
e
C M

Integrations by parts in m%m are possible

Op total derivatives drop because of time average

0; can be mx_“.ﬂmmmmn» as O; because waves

(Oad ) =1 vI;,




1

+F§ Ab

T- - ) ]
§°° g*° mu%s??m + (Dphva)(Dohyp — Dphyo)

E w\\\&N\

Griven 1
2
+(;D

Assume  Guu

e OaTly)

(S —
(R —

=0,

(

m -+ Umb F:\ — bmb v\tq — me F\Qv

0, b7 =
(87
2
0,has0, R

hoo - D ?QQX@ h.s +~u hvg — Uav\t:vM_

)

to prove




2
+beAb Qm + Umb F:\ - bmb v\tq - me F\Qv

i hoo =Dshas)(Dyhug + Dyhyg — b%%L

1 oasll= _ _ _ _
P7g m Mbtbmpbw:qm + (Dphva)(Dohyg — Dghyo)
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P7g m Mbtbmpbw:qm + (Dphva)(Dohyg — Dghyo)




1 oasll= _ _ _ _
2 P7g m Mbtbmpbw:qm + (Dphva)(Dohyg — Dghyo)

+beAb Qm + Umb F:\ - bmb v\tq - me F\Qv
o) (Dyhyg + Dyhug — b%%L
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o) (Duhyug + Duhug — b%%L

1 oasll= _ _ _ _
P7g m Mbtbmpbw:qm + (Dphva)(Dohyg — Dghyo)
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Crravikabional energy
—mwomenbum tensor

Energy-momentum tensor is

ct 1 , ct
p 8nG o — 59w ) ¥t = g5 Ouhas v

Do residual gauge transformation chanqge the stress-tensor?

Oghyw = 0eNuy = Ouéy + 0uéy

Sety =7







Prove mmmmtt =0

A
327G
O0¢hyw = 0Ny = Opdy + Ouy

(8, hapB,h*P)

Using t,, =

=0 =@t )

Remember

Oph®* =0 — OE* 4 0,0, = 0

Therefore (0a(0..hpu,0.£7)) =




Prove %mmtt =0

A
327G
Oghyuy = O0gNuw = 08y + 0uE,

Using t,, =

(8, hapB,h*P)

Remember h=0— 0," =0
O R == [ 167 @t@ng — 1§

Therefore (0a(0..hpu,0.£7)) =

Compute Octin o O 0 s - @mmgvmtbgmv + (1 < v)
Set i ~ (0,0,E80,h%°) + (1 & v)
¢ty ~ (0600 0,h®) + (1 ¢ 1) ~ 0




Crravikabional energy
—mwomenbum tensor

Energy-momentum tensor is

4 4
=S p@ealian il 8 BB T L op
wtt' %ﬂ.QAmFN\ NQ.@S\m v nv MWMS.QA 1 iapty v

Question: do residual gauge transformation change the skress-
tensor? Answer: no.

Therefore, we can replace Bl vu DMW

In particular, the effective energy density is




Blanchi identities wszwwu
Utﬁﬂ\:\ i ﬁEv =

This proves that ohe can associate to each Poincaré symmelry
a conserved guantity (up to higher order perturbations)

Far from the sources

8"t,, =0

o \ &w&?@owoo |_| @“%o_ =0 ona given volume V
o

The effective enerqgy of the volume is

m< s \&w,\dwco

H&m . .
I|<H I\ &w&%&o@ H I\&\wﬁgwo@
C v X




Take S a mmrmﬂmﬁpw surface dA = 2 d)

it — Imﬁw\&@ £
dt ®

L h@% hiT Wbﬂﬂ )
@ S@%S

Single plane waves are hot realistic as global solutions at
large distances. Instead, a GW propagating radially outwards
has the following form at large distances from the source
(proven later)

1 T .
\@W,M.\H - WF\WSAN 2%, MV |_|QAQ; wv

This is similar to electromaghetic waves, up to a spin-—2
wagﬂmwpmwes
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Prove that h;~ = — il — vaum Dwﬂ — O(r 2




Prove that hi' = =f;i(t — =) obeys OnIT = O(r~2)

1

SCIN,
Vgl "

ds® = —cdt? + dr?
ds® = —c?du? — 2cdudr

Use AHV =

A EGE@%V

C
Drop ¢
C P

Vgl
Vgl

7 ] | 1 1
o= m::@i\ﬁ\m@vv = AIM\? IAMVQ@\,S + Alﬁdv\&v
1 1 1




An observer sitting at large distances sees a plane wave front.

Since By decreases, GW CATTY away an energy flux

This is Einstein’s formula for the flux-balance law of energy, with
a factor of 2 corrected by Eddington,




Poincaré flux-balance Llaws

For each Killing vector of Minkowski, we have a
conserved current :

Jt = thE, 9, J" =0

We can define the flux of momentum

d Pk 3 w ;
S dQUhl o
= g | SRR

Also, the flux of angular momentum and centre of mass

Those are the flux-balance laws for Poincaré charqges




Asymptotic view on flux-balance Laws

Approach of Bondi, van den Burqg, Metzner, Sachs (BMS), 1962




Eunskeiin’s solubion

Radiative gauge [Newman-Unti qauge]

grr = — 9ru = 9r0 — Grp 0
The asymptotic solution takes the form

ds® = —c’du? — 2cdudr + r°(d6? + sin? 8d¢?)

2
+ |§&:w LeCunde dos % ..
i
N
+ A dudz? + ...
i

I
+ B dpiir? e
\w\.s

it mﬁmms.nrm on
Cag, e, Na B o0 D,

Unconstrained Cownstrained




BMS flux-balance Laws

mgmﬂﬂgcgmﬁmg_‘ﬁ @ﬂ AQV = \m d* () SAQQ %9 %VMJA%Q @v

Super-Lorentz charge Or(u— \ d*Q Ny N %vm\»gw ¢)
S

() () = \ 20 EG) (u, 6, 6)S*B (6, 6)
S

0, Q7 (u) = flux on J" dictated by Einstein’s equations

0,Qr(u) = flux on J"dictated by Einstein’s equations

@:@mv?v — flux on J"dictated by Einstein’s equations




1.3, Generation of GW




Binaries as sources of GW

We consider a slowly moving source, which is weakly self-
gravitating

Schwarzschild radius of the source

Typical BN ) Nwrm. \ o 2Gm  4+—————  Total mass
velocity 3y AA H e AA H— Rs = c2
c gf ol

Size of the source

Typical example: a v..,So%u system in the early inspiral phase
m&\

Toktal

I Ty 1o
Mass




Binaries adwmik Gsmu one small wpﬂpgwmm«
as a resulk of gravitational binding

Rs

| fdigr
c d
Reduced  _ 1M Tokal
—_ T — 171 m
Mass K My . Mo Mass o e
Grravitational binding gives
1 & 1.Gum
e
5 S T
@w mm
c2 d

As a resull, for binary compact objects, corrections in v/c induce
corrections in &




GW wavelength in kterms of the
source size

o If ws is the bypical frequency of motion inside the
source and d is the source size, the typical velocities

are
vV~ wed

@,_;rm%ﬂm&smsﬁuQ%ﬂo,nﬁpmmciiw?pwmcvmcﬁmrﬁsﬁnﬁmﬁc_%

(Proot: Laker on !)

— C (6 ¢
The reduced wavelength: A= el
E.Qg E% (Y

For a non-relativistic system, v < c




The 3 zownes of the Post-Newktonian/
Post-Minkowskian formalism
=

PN/PM expansion

Near Zowhe
D r< )

multipolar radiation reaction

Multipolafl PM expansion

IIIIIIIIIIIIIIII >/|

TN expansion

4

Vacuum/Exkerior Zone
d < r< oo

E:F%Grpﬂ radiakive expansion
< N

Radtakion Zone

[Blanchet/Damour, 19¥3]
[Will,Wiseman/Paki]

IIIIIIIIIIIIIIIIIIIIIIIItIIIIIIIIII.III



E:,_.mm_uo_.o% PM expansion
<

>

PN Nx_wo%m..bs + _3:%%0*.3 radiation reackion
< >




In bhis lecture, we will derive the motion abk the Lowest

order:

- U the Near-Zowne: Newtownian (0PN) + 2.8PN radiation-
reaction

- i the exterior zone: Minkowski + Linear GW (1PM)




Weale sources wikth pﬂvm.m;ﬁu
<@.~Qﬁwmu

O Ry, =0 0V T, = 0

We can solve ik in terms of the retarded Grreen function:

Glx—3) 0 (r— 8

o S \ ' Clr — VT )

2

mxmﬁﬁwﬁu )

Gl g — i diltoseni g )

 Axlg — 2

e
/0 / Sl =
H”Qw Hﬁmﬂ| Qw%mﬁ w%mw|w|




Recall that outside the source, we can use TT gauge and we have

Therefore, oubside the source we have

Note that bﬂﬂ depends upon the integrals of the spatial
ﬁsngSﬂSmm G*” B

(temporal components are related by conservation)




Detector

Source

8
|
R
|
2
|
=
=>
_I_
~
=
(\V)
Py
S
=>
]
=Tl

Therefore, for large 1,




Weale sources wikth Low <&»Gﬁwmu

Fourier kransform:

o d ki
ﬂi@lll_l

c (2m)

@&l <

and T2l only inside the source TM\ s

MNW\ .M\\~W. E%&
=
C C

<

W




We can therefore expand

v 5 2.z S 5y S .El 5 W
e tw(t 4 ) e iw(t ov: |s|m~w\ H|_|QA|
C C

This is equivalent in position space to expanding

ol

(i T W 7 . g
HNJ\&@| m < g&\v RM«&@l IQH\V 4=

C C C

O¢Tw1 + O(07 Th)
We define the multipoles of the skress-tensor
S (e \ Pz T (t,7)
Sk (1) = \ BT (1, 7)z"

S \&w&ﬂ@.@g@&wi
We get

evaluated ot b-r/c b, O(



Therefore, weak sources with low velocity emit
gravitational radiation that is mmmmSmmpﬁu
determined vu the lowest multipole moments

We do not need to kinow all the structure of the source

We Oi.u need ko lknow ks Llowest _is.»m%sﬁm monenks

In terms of GW power:
R.EPN 38PN
[will be justified Later]




Two sets of multipoles have a physical interpretation:

Mass _..sg»m%crmmn

Momentuna §£$€0»@"

1
i”oﬂ\&w&ﬂoo@u&v
ol 3, .00 i
M —a; a1
Pl 3, 0
Pl—g it dige T (£
c
i e 3, . 0i |
Pl == | &'z T (i
c

The multipoles of TY are related ko time derivatives of
these multipoles vu the conservation of the stress-tensor




Obtain the time derivative of the lowest mass and momentum

.32,%%0»&
1 . 1 .
ih e &w&ﬂoo&h wsuh e &w&ﬁﬁosmﬁh
c? c
& M=0

Oy ke

(i) MY = pbi 4 pi?

(V) EEEE )

SOl e

(M) Phik = GUk | gik
using 0,T" =0 ,




(L) cM = \&w&m@oﬂoo — I\&w&@ﬂo& — I\&m&ﬂo& =0
for a volume larger thawn the source,

In linear theory, back reaction of GW are absent, and the mass
of matter is conserved.

?wv chi = \&w&&@oﬂoo = I\&w&&&@ﬂg

= \&w&m&é& I \%&HS =




z&. = — \&w&@oﬂoo.&smﬁu
¢
1 3 Uk 10
= —— | &’x0. T "'z’
&
2 3 Ok 5
= = [ &BzT% 0,z %2
C
(iv) Pi=0 This is the conservation of momentum

2
(vi)

[ij] => conservation of angular momentum




We can combine these identities ko express QU : Sk ya

terms of the mass and momentum multipole moments !

m&. L |>>..§\G.

The leading term of
14G

1 1

hig (t:3) = =—Rij ki(B)[S™ + —8mS™™ + B p S™ T + e

22

becomes

The acceleration of mass adgo,&.ﬂgmé»&. sources gravitational waves.

. 1
Nijrin)= Fpkag s 5 i P;; = 6;; — niny




Radiated energy

dE 8.0
= DL GITRIT) s - 12
G
g mﬁ.mm >S N&A vQ&Si\ivﬁmﬂ
G 1
8 s k1 (R) Q5 Qrt)ret i — Mi; = 301 My,

Angular integral can be done

w
\&b?sﬁ T ﬁ&:&tI@S?iwg%%v

That is the Einstein igpn»ﬂSmQ»m formula



By conservation of enerqy,

&NW%OQ\W.O@ &m

dt dt
For a binary source, -wn
L e o Effective one-body reduction
Eormas e i e 7 op A A _ omymy
bv Reduced mass 1= e,
ESgiree — Wﬁ%wé. . wzmw o Gmp Total wmass m =mq + mo
2 2 R Q
: m
e 2 Gmp w mw Gl NNTPN..» Law
Eogpn— = mSeoS. iop 5
dE= 8 QS?N dbv G (i (1 J@ (1 ﬁvv
dt  92R2 dt = bed @ g c

Aitin ik i & bt S

The gravitational wave emission brings as first contribution a
. S5PN correction ko the motion, It is called the radiation reaction,




The 3 zownes of the Post-Newktonian/
Post-Minkowskian formalism
=

PN/PM expansion

Near Zowhe
D r< )

multipolar radiation reaction

Multipolafl PM expansion

IIIIIIIIIIIIIIII >/|

TN expansion

4

Vacuum/Exkerior Zone
d < r< oo

E:F%Grpﬂ radiakive expansion
< N

Radtakion Zone

[Blanchet/Damour, 19¥3]
[Will,Wiseman/Paki]
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1 wQMSHSN
T3 3 T3
C 192

1 1
(G

2PN 2.5PN 3.5PN
radiation reaction radiation reaction conservative & radiation tail

[Jaranowski & Schafer 1999; Damour, Jaranowski & Schafer 2001ab] ADM Hamiltonian
[Blanchet-Faye-de Andrade 2000, 2001; Blanchet & lyer 2002] Harmonic EOM
[Iltoh & Futamase 2003; Itoh 2004] Surface integral method

[Foffa & Sturani 2011] Effective field theory

[Jaranowski & Schafer 2013; Damour, Jaranowski & Schafer 2014] ADM Hamiltonian
[Bernard, Blanchet, Bohé, Faye, Marchand & Marsat 2015, 2016, 2017abc] Fokker Lagrangian
[Foffa & Sturani 2013, 2019; Foffa, Porto, Rothstein & Sturani 2019] Effective field theory

[review of Blanchet]



Prove

20
&b\/@.:ﬁ S i Au:.mmia%i 5 %%S%\& i %i%uwv
where
Ve H e
Aisiiy= 5 ik g Pij = 0ij — nyin;
n; = (sin @ cos ¢, sin 6 sin ¢, cos 0)
e sin |k
(L) Prove \ dQe"* % = 4 1_ _
s k|
A ek 0* sin |k|
. ‘
ﬂrrv Prove \&DS: i, %ﬁ_%wos BYEE A _\m_ v
41
rrrv .‘.U._)h.v(m. \&b ¥ lisos vl ﬂ%ﬁ&:w%&wﬁ ...%QIZ.S for ! even
e
(iv) Prove \g@\ws bl = WAE&% = 40,081 + 0;10,%)



st Prove \&@ml&m.m H fﬂj :@.H?5%08@&5%95?083
k
m

—>

By SO(3) symmetry, we can assume that k points in
the z direction

o
S 1

o om Am.T:ﬁN i

1k,

4 sin k,

Iiauv S -

&

Since the right-hand side is S0(3) tnvariant (scalar),
ik is of function of the norm of L.




st Prove dBic i fﬂ_ﬂ_ n; = (sin 6 cos ¢, sin @ sin ¢, cos 0)
S

ﬁ(rv .‘m._)hv/\m . df e 1, = 4m lim 4 Okt ... kie = mdom‘/\m.put




(

(L) Prove \gbmtza.m = A

S I
) sin | k|
i) Prove dSina: - = i i gt . —
ﬁ V \m. 1 £ _m4|vo Q\AS ke ii
L BN %ﬁl
rrrv .ﬂ«.ﬁv(&. i d§2 T s 110y, = i %Q:.w %s.wﬁ s %St:@

Use .ﬁpursﬂ series

K|

73=—0

GSJ one bterm survives: 2n =/

sin |k| WU 1)




st Frove &@ml&m.m = fﬂﬁi_\a_ n; = (sin 6 cos ¢, sin @ sin ¢, cos 0)
k|
S |
) sin | k|
i) Prove | dQn; - - n;, = 47 lim i‘— . = 0
ﬁ v \m 1 L _M4|vo @\AS R \asm ii m.—)n\/\r.put
47
LiL) Prove [ dQni, - -1y, = 7——=0(i4,0i5i4 * *  Oip_14p)
g /+1

Use .ﬁpursﬂ series

sin |k| WU 1)
|| .

73=—0

GSJ one bterm survives: 2n =/

20

(iv) Prove \w&b\/&é = ﬂmﬁ&%%& — 4001 + 0310;1) w.w_.w a

4 4
Use \m&ﬂ = 4, \m&b:%ﬁ. = %%& \m&b§§3»§ = %Q&ui 0 00,01




1.4. Quasi~circular wﬁmmwﬂpw
of compact binaries




o Neglect cownservative PN corrections
(Keplerian motion + radiation reaction)

® Assumwe &spm?ﬁwﬂﬁg»pgmu

Total m = 1M, |_| mao

. 4 Mass
& _
5 Reduced t i i UARLY:

Mass Ty 11>

_Amwrmﬂ Law Ew —=

Law of motion given by the flux-balance law of energy:

&mmOQ\ﬁﬁm me

dt dt

dE°Xree e G dE G

T hw o m%ﬁi v@i ol

| =




Obtain the quadrupole radiation from a mass in a circular
orbik

(i) Starting from the relativistic expression

&&t&&:
MJE\H & b&%?cl
>nM§\ A A (2t inl))

prove that ab Newkowniawn order:

T@,2) = ) i e/ (3 — 2at))
A=1,2
(it) DPeduce the quadrupole formula

" ..mﬁu . . Hw:
Q)= |5 [ @t pets| = n (OO - 5ri1”
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MMU mac26®) (Z —
Za(t))

40
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3700
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|§ i e
128 z? + maxt |
SHs |
O.S .&.m
.Q.S. s. |
gt

=T
& ||v
1 L2
5 “3 ;
o 11 + MaT
- 2
1 Ty 7




mxwﬁﬁ% mxw.ammmwei

Assume orbital motion is exactly circular (not elliptic)

To(t) = R c@5(w . s
yo(t )i Rsin (.t + 58
NOANV =0

ME =R cos @ mv

g 7
MY = s e i) M = uR? sin(wst + Wv cos(wst + Wv

Mie— R sl - Wv




Mekric mmﬁmzﬂvﬁmmGS

For a geheric direction 7T = (sin@sin ¢, sin 0 cos ¢, cos )

we find
L& ot 9 5 9 T .
hi(t0, 0= MQM_.\&EAOOm — sin” ¢ cos” 0)] holt:0:0) — MQMEEE — Mss) sin 2¢ cos 0]
= iww?wbw ¢ — cos® ¢ cos? f) + 2M5 cos 2¢ cos 0
L N@ww sin? 6 o cos ¢ sin 0
— M2 sin 2¢(1 + cos? 9) + 2M>3 sin ¢ sin 6]

+ M3 sin ¢ sin 20
+ Mg cos ¢ sin 26)]




@so,n»ﬂ:_ueﬁm radiaktion is at twice the Tmn,:wvﬁu of the source.,

Performing a rotation is equivalent to shifting time

Helicoidal skructure

The angle 6 is the angle between the normal to the orbit and
the Line-of-sight

The diskance r is a conskank




Face~on







Compute the angular distribution of radiated power in the
quadrupole approximation

263 . ;
% 2 HMMQ (hE )
using
o (t,0,0) = L2CHA R 1HC50) oo t,ee +20)
hy (@ 8 alie W@thmwmm cos 0 sin(2wt, et + 20)
Use

1

(cos(2w.troii ol e ) .




dF e2G R0
didel gc®

g(0)

Face~0on

dE. .32 G 46

w%@”| ¢
D o o SRR




Himw?&. motion to coalescence as a
consequence of energy flux-balance

Emission of GW costs energy, taken from the system'’s total

enerqy
&mmo\gﬁﬁ@ v QS\&.N.W ﬁ&mmg\gﬁﬁw . |®I
dt 2R? dt dt
R decreases with time
Gm
= 73 thereases with time

power radiabed U W Lncreases

Ruhaway process leading to coalescence

The motlion is quasi-circular as long as R < v

Prove that it is equivalent to b% <1

qw




R | 2 Kﬁw»@.ﬂ\m Law

||
|
|
£
=
|

mAA@@JAAH@ —= AAHﬁ\E < 1
W W

gw mg




Rewrite

1 4Guw?R? 1+ cos? 6

h.(t,0,0¢) 3 i { : ) cos(2wstrer + 2¢)

T AR
hy(t,0,0) = — E\Mm cos 0 sin(2wst et + 2¢)

s ¢

wusing G
LANTE 1 1
R = Aﬁv / Ws = MEQS = Mwﬁ\ymé . ﬁ\mé
and the ﬁrﬂ.w WA Ss
ASHSMVw\m

My~ o
\& ASHI_ISMVH\W

Keep M., m and i gw . What do you notice?




4 GM, T 1 + cos? 8
hy(t) = mAqvm\wAﬁmvw\w 5

4 GM., e .

hs (DY mAqvm\wA%vw\w cos 0sin(27 fyptrer + 20)

cOS(2m f:itver & 20)

ALl dependence i the mass is through the chirp mass at this
lowest PN order!

Power radiakted:
g g m c? AQi%cms
d0 TR 2c3

P =
5 QA 2c3

)19/34(6)




(L) Prove

/3
D A
[source Q\QS i Cr i@ EQS
2R 32
using
QS AS m Vw\m
Wow = 2Ws a8 A — 50l 112
g AEW v M ASH |T3@wvu\m

(it) Derive the evolution of the GW Tm&ﬁmﬁﬁu = Wow

2T
using the energy flux-balance Llaw with GW power
o 32 AQN&QEQS vpo\w
5 G 2¢




It integrates to

time of coalescence

Validity of the guasi-circularity hypothesis:
i

2
qw

3/5
< e A%ﬁm\wv Gl

= Jnnsot

c3




To qget the waveform, we need the orbital
motion with 2.8PN radiation-reaction

(Matching between Near Zowne and Exterior zone)

D

Toll)e= R cos(w.t + 5} R(1) SM%
@OA v e mmHUAEm\\. i Mv R(t) sin GMS
20 va — 1)

where

(1) = \ 0 e \ ()

to to

zo —5/8
@va e @o — 2 A@Q v QQOQN g wvm\m

c3

~» Quadupole moment/Waveform gets corrections.




@ﬁo,npﬁs,_@e»m momenlt with radiakion-reckion

M = puary (£)ach (1

. L
M = uR2 cos(wat + mv Replace
12 g @ 1 a1
M™% = ply sinf@st + | cos(ew £ i
wﬁ 2 E%ij — P(t)/2
M% = pR sin i@yt Mv

However, R is negligible as long as the orbit is quasi-
circular. Therefore, we can ignore these terms.

1 26 -
Therefore, the waveform 1’ (t,7) = wmq?gui (Z) M (t— mv
-~
is simply obtained vu making the replacement Wst + B ®(t)/2




Final OPN+2.8PN rad-react/1PM GW waveform

4. GNE 23 i (e 20 + cos? 0
Rty — - A " v A 3 v A 5 v cos D(t,c+)
1 M. 5/3 Fr 3
bl )i — : AQQM v Aﬁ\m m@ LV (cos0)sin ®(t,;)
g
®(t) = Py — 2 Ammwxv © et e
where

/ QVIW 5 i 3/8 GM, —5/8
T\ OBh . 3

The retardation is a fixed time shift. Instead we express
the waveform as a function of time before coalescence.




Compare OPN+2.5PN rad-react/1PM GW waveform

Plot[(-t) A (-1/4) Cos[-(-t) A (5/8)], {t, -1000, 0}]

with GW1l50914

Hanford, Washington (H1) Livingston, Louisiana (L1)

— L1 observed

— H1 observed - H1 observed (shifted, inverted)

0.30 0.35 0.40 ) 0.30 0.35
Time (s) Time (s)

what do you observe?




Actual GW mms%gmm used

Hanford, Washington (H1) Livingston, Louisiana (L1)

— L1 observed
— H1 observed H1 observed (shifted, inverted)
1 1

— Numerical relativity — Numerical relativity
Reconstructed (wavelet) Reconstructed (wavelet)
m Reconstructed (template) I Reconstructed (template)
I I I I

— Residual

Frequency (Hz)
Normalized amplitude




Makch with GIiW150914

Estimated source parameters MQN&O w W
— 11
Quantit Value Upper/Lower error QM
y estimate
Primary black hole mass 36.2 +5.2 -3.8 .
1 pc = 3.3 light-years
Secondary black hole mass 29.1 +3.7 -4.4
Final black hole mass 62.3 +3.7 -3.1 . 15
Llight-year = 9.5 X 10 °m
Final black hole spin 0.68 +0.05 -0.06
Luminosity distance 420 +150 -180 AS m vw\m
>\§o il \&w\wSM\m L Bire2
Source redshift, z ﬁ +0.03 -0.04 ASH A Sva\m

Energy radiated H +0.5 -0.5

(L) Obtain the GW amplitude 0.2 sec before merger

e 5/4 = 1/4
\;woo& o Hv Seei ) (e

r c2 c(teoar — t)

(it) Obtain the GW frequency 0.2 sec before merger

ot~ = ST
et T A6t 3




3/5

va M= tm\wSM\m 194 ASHSMV - zn H wmio

(my1 + mo)t/5

2G M, G M, |
B ond = 3 km e o . = A0k
5/4r1/4
420 Mpc = 1.3 x 10*? km (42)>/%51/ _ 78y 1022

1.3 (3 x 107 e[} 1/




Model versus LIGO mmSmwm?wmu

& ) : ...u.( Fygl s ¥ Py % i

M Virgo
B Hanford

Livingston

Frequency (Hz)



Challenges within the PN/PM formalism

[Blanchet/Damour, 19%% ]

0 d b\ L

PN/PM expansion

Near Zowe
00 e )

tipolar radiation reaction

b 4]
EEEEEENENEBNE

ESQ%Q»EH PM expansion
¥ ™ ¥

Vacuum/Exkerior Zone

&A&MAOQ

2 )
\vx. ‘AT

v/

X

b M
% .M(

X

There is a :rmﬂmmf%pﬂu: PMR/PN4 term in

the equation of motion of the source.

It is non-local in time.,

The mathematics of such evolution equations
is not yet %gﬁu understood.
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Limit of the PN/PM formalism

The PN/PM formalism leads to o perturbation series around a
Keplerian orbit. After taking into account the backreaction of the
central black hole, relativistic effects come in.

Schwarzschild admits an nermost stable circular orbik (ISCO)

o6Gm

QM
The quasi-circularity breaks dowin because there are no wmore
stable circular orbits beyond that radius. This regime is called

the transition to merger. The maximal frequency where the PN/
PM formalism is valid can be approximated to

2w 1 3 EGm 1 3 65 M.
MAX S o
Tor,E Ay

i I s mV R3 61/6m Gm - m

Note that it occurs before the end of the quasi-circularity hypothesis computed earlier:

96 2 28 M.
MO0 8/3 °
\mé = AWﬁ / v GO ~ 194Hz -

@icic




@&uSS& PN/PM Formalism

bound orbits: v2/¢2 ~ GM/rc?
Inspiral Merger Ringdown i

’ & lﬂl

Post-Newtonian

ive one-boc

Theoretical Model of GW150914
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