
Le
ct

ur
es

 o
n 

G
ra

vi
ta

ti
on

al
 W

av
es

G
eo

ff
re

y 
C
om

pè
re

 
So

lv
ay

 D
oc

to
ra

l 
Sc

ho
o
l 

Oc
to

be
r 

20
th

-2
2n

d
, 
20

20



Exciting tim
es…

1915 Birth of G
eneral R

elativity and
 in 1916: pred

iction of 
G

ravitational W
aves 

1974
 Hulse-Taylor pulsar :                             ind

irect 
First ind

irect d
etection of G

W
 

2015 First d
irect d

etection of binary                           
black

 ho
le m

erger: event G
W
150914

  

2017 First d
irect m

ulti-m
essenger d

etection of binary neutron 
star m

erger: event G
W
1708

17



Us

Un
iverse 

outsid
e 

Earth

Electrom
agnetic  

w
aves

G
ravitational  

w
aves

Particles

[since  
ever]

[since  
100  

years]
[since  

5 years]

T
he three m

essengers





G
W
150914



Current GW detectors



Upcoming detectors





G
W
 and

 string 
theory

G
ap betw

een Planck
 scale and

 
observations 

Effective field
 theory approach: 

G
R
+suppressed

 m
o
d
ifications 



M
o
d
ifications of G

R



T
hese lectures: tw

o
-bo

d
y 

problem
 in G

R



O
utline of these lectures

1.
Post-New

ton
ian/Post-M

ink
ow

k
sian theory 

1.1. Propagation, linear G
R
 theory 

1.2. Interaction w
ith test m

asses, freely falling 
fram

e, T
T
 and

 d
etector fram

es, energy of G
W
 

1.3. G
eneration of G

W
 

1.4
. Q

uasi-circular inspiral of com
pact binaries 

2.
Black

 ho
le Perturbation theory  

2.1. M
athisson-Papapetrou-Dixon theory 

2.2. Q
uasi-norm

al m
o
d
es - Black

 Ho
le Spectroscopy
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1.1. Propagation, linear G
R
 

theory



G
eneral R

elativity
S
=

c
3

16⇡
G

Z
d
4x p

�
gR

[g]+
S
M

M
in

im
al coupling
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µ
⌫
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T
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⌫
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4
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Diffeom
orphism
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Perturbation theory

g
µ
⌫
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⌘
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⇠
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a
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⌫
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⌫
Sym

m
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invariant und
er  

Po
incaré transform

ations

h
µ
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Linearized
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iem
ann
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Exercise: Prove it!
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Linearized
 Einstein

⇤
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⌫
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W
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er gauge / Lorenz gauge

@
µ
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µ
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If originally
w
e need

 to so
lve

to reach harm
on

ic gauge. T
his is alw

ays possible.



In harm
on

ic gauge
⇤
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µ
⌫
=

�
16⇡

G
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4

T
µ
⌫

Acting w
ith    w

e get by consistency
@
⌫

@
⌫T

µ
⌫
=

0

T
his equation is im

portant both for 
generation of G

W
 and

 for propagation

O
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 propagate at light speed

⇤
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R
esid

ual gauge param
eter:        harm

on
ic 

T
T
 gauge

W
e cho

ose    such that
⇠
0

h̄
=

0

⇠
0(x

i)

It im
plies
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µ
⌫
=

h
µ
⌫
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µ

⇤
⇠
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T
T
 gauge

W
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⇠
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h
0
i
=

0

For    harm
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ic
⇠
µ

⇤
⇠
µ
=

0
then

O
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     only 2 propagate as a w

ave.

is harm
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lve the ODE 

for

R
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@
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i
=

�
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0
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@
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h
0
i
=
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Harm
on

ic gauge red
uces to

µ
=
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@
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ij
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0

µ
=

0
!

@
0h

0
0
+

@
ih

0
i
=

@
0h

0
0
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0
h
0
0 (~x

)

New
ton

ian potential  
that is irrelevant for propagation 

W
e set it to zero

h
0
µ
=

0,
h
ii
=

0,
@
ih

ij
=

0

W
e reached

 T
T
 gauge. Note that it cannot be reached

 insid
e of 

sources because ⇤
h̄
µ
⌫
6=

0

W
e w

rite a d
ecom

position in plane w
aves in term

s of the 
po

larisation tensor

k
µ
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n̂
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h
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e
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Po
larized

 G
W

C
ho

ose    along the z axis

h
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T
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T
T
 Projector

G
iven a plane w

ave           propagating along the d
irection        

alread
y in harm

on
ic gauge but not yet in T

T
 gauge, w

e reach T
T
 

gauge as

h
µ
⌫ (x

)
n̂

h
T
T
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⇤
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k
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n
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Exercise

Prove the fo
llow

ing properties of

P
ij
⌘

�
ij �

n
i n

j
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(i) projector
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W
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k
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Prove the fo
llow
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1.2. Interaction w
ith test 

m
asses, freely falling fram

e, 
T
T
 and

 d
etector fram

es, 
energy of G

W



Interaction of G
W
 w

ith 
test m

asses
Detectors id

ealized
 as test m

asses 

C
om

putations d
one in a reference fram

e. Physics 
invariant und

er the cho
ice 

G
W
 are sim

ple in T
T
 gauge. It correspond

s to a 
specific reference fram

e/observer 

Detector is m
ore intuitive in another fram

e, the 
d
etector proper fram

e 

W
e need

 to sw
itch betw

een the tw
o fram

es 

Physical intuition com
es from

 the geo
d
esic 

d
eviation equation



Local inertial fram
e

It is alw
ays possible to cho

ose 
co

ord
inates such that the C

hristoffel 
sym

bo
ls van

ish at one po
int 

T
he resulting co

ord
inate system

 
around

 that po
int is called

 a local 
inertial fram

e



Freely falling fram
e

It is alw
ays possible to cho

ose co
ord

inates 
such that on an entire tim

eline geo
d
esic, all 

C
hristoffel sym

bo
ls van

ish 

For each po
int P in this fram

e, the geo
d
esic 

equation becom
es 

In this fram
e, a test m

ass is freely falling. 
It gives a realization of the equivalence 
principle.

d
2x

µ

d⌧
2
|P

=
0.



Laser Interferom
eter Space 

Antenna (LISA)

2 m
illions k

m

3 d
rag-free satellites:  

Spacecrafts that ad
just their position w

ith thrusters  
in ord

er to rem
ain centred

 about a freely floating m
ass

To be launched
 in 2034



Ferm
i norm

al co
ord

inates
A freely falling fram

e naturally d
efine a special co

ord
inate 

system
 around

 the test m
ass located

 at (t,0,0,0).  
It is called

 a Ferm
i norm

al co
ord

inate system
.

Since 
�
↵�
� |�

=
0

the m
etric around

 the test m
ass has no linear term

 in  x
i

T
here are quad

ratic term
s proportional to the R

iem
ann tensor, 
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2
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�
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G
eo

d
esic equation

C
onsid

er a curve x
µ
(�
)

T
he interval d

s betw
een 2 po

ints separated
 by     is

d�

T
he velocity is

u
µ
=
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µ

d�
For a tim

elik
e curve the proper tim

e     is d
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⌧
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2
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he classical trajectory of a particle test m
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extrem

izing the action
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Parallel transport
C
onsid

er a geo
d
esics w

ith proper tim
e
⌧

x
µ
(⌧
)

W
e intro

d
uce the covariant d

erivative along the curve 
x
µ
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D
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D
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he vector is parallelly transported
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If       is negligible w
ith respect to the variation of the 

gravitational field
, w

e can expand
 at first ord

er in ⇠
µ
(⌧
)
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⇢ �

dx
⌫

d⌧

dx
⇢

d⌧
+
�
�
term

s

D
2⇠

µ

D
⌧
2

=
�
⇠
�
@
�
�
µ⌫
⇢
dx

⌫

d⌧

dx
⇢

d⌧
+

dx
�

d⌧
@
� �

µ⌫
⇢ ⇠

⌫
dx

⇢

d⌧
+
�
�
term

s

D
2⇠

µ

D
⌧
2

=
�
⇠
�
R

µ
⌫
�
⇢
dx

⌫

d⌧

dx
⇢

d⌧

d
2⇠

µ

d⌧
2

+
2�

µ⌫
⇢
dx

⌫

d⌧

d⇠
⇢

d⌧
+

⇠
�
@
�
�
µ⌫
⇢
dx

⌫

d⌧

dx
⇢

d⌧
=

0
Use



T
T
 fram

e
T
his is the co

ord
inate fram

e in w
hich the m

etric is in T
T
 

gauge 

C
onsid

er a test m
ass in

itially at rest at         . 

T
he geo

d
esic equation is

⌧
=

0

d
2x

i

d⌧
2
|⌧

=
0
=

�
[�

i⌫
⇢ (x

) dx
⌫

d⌧

dx
⇢

d⌧
]⌧

=
0

=
�
[�

i0
0 ( dx

0

d⌧
)
2]

because 
dx

i

d⌧
|⌧

=
0
=

0



At linear ord
er, 

g
µ
⌫
=

⌘
µ
⌫
+

h
µ
⌫

after tak
ing C

artesian

co
ord

inates for the back
ground

. 

�
µ⌫
⇢
=

12
⌘
µ
�
(@

⌫ h
⇢
�
+

@
⇢ h

⌫
�
�

@
�
h
⌫
⇢ )

�
i0
0
=

12
(2@

0 h
0
i �

@
i h

0
0 )

=
0

in T
T
 gauge. T

herefore, d
2x

i

d⌧
2
|⌧

=
0
=

0

In T
T
 fram

e, particles w
hich w

ere at rest before the arrival of 
the w

ave rem
ain at rest even after the arrival of the w

ave!  
(non-linear effects are highly sublead

ing)

T
he co

ord
inates stretch them

selves so that the position of 
the free test m

asses d
o not change



W
e can d

efine the co
ord

inates using freely falling test m
asses

e
x

e
y

e
z

W
hat about tim

e? In T
T
 gauge, 

h
0
0
=

h
0
i
=

0

T
he proper tim

e along a tim
elik

e trajectory        is obtained
 

from
x
µ
(⌧
)

c
2d⌧

2
=

c
2dt 2�

(�
ij
+
h
T
T

ij
) dx

i

d⌧

dx
j

d⌧
d⌧

2

For a test m
ass in

itially at rest, 
dx

i

d⌧
=

0
8
⌧

In T
T
 gauge, the proper tim

e of a free test m
ass in

itially at 
rest is the co

ord
inate tim

e

⌧
=

t



Of course, proper d
istances change!

C
onsid

er the d
istance betw

een              and
(t,x

1 ,0,0)
(t,x

2 ,0,0)

T
he co

ord
inate d

istance                  is a constant
L
=

x
2 �

x
1

But the proper d
istance after the passage of the w

ave is

s
=

Z
2

1

p
g
x
x dx

=
p
g
x
x (x

2 �
x
1 )

=
p
1
+

h
+
cos(!

t)L
⇡

L
(1

+
12
h
+
cos(!

t))

T
his is the basis of interferom

etry

M
irror 

(test m
ass)

M
irror 

(test m
ass)

Light beam



Earth d
etector fram

e (LIG
O/Virgo)

Distance com
puted

 using rigid
 rulers 

No free fall w
ith respect to the local inertial 

fram
e 

Local rotation w
ith respect to local 

gyroscopes (e.g. Foucault pend
ulum

)

~a
=

�
~g

is the acceleration of the laboratory

~⌦
is the angular velocity of the laboratory w

ith 
respect to local gyroscopes.



Earth d
etector fram

e (LIG
O/Virgo)

R
esult up to O(r^2) is

r
=

p
x
ix

i

ds
2
⇡

�
c
2dt 2[1

+
2c
2 ~a

·~x
+

1c
4
(~a

·~x
)
2�

1c
2
( ~⌦

⇥
~x
)
2
+
R

0
i0
j x

ix
j]

+
2cdtdx

i[ 1c
✏
ij
k ⌦

jx
k
�

23
R

0
ij
k x

jx
k]

+
dx

idx
j[�

ij �
13
R

ik
j
l x

kx
l]

inertial acc.
grav. red

shift
Lorentz tim

e d
il.G

W
 and

 varying grav.

Sagnac effect
G

W
 and

 varying grav.

G
W
 and

 varying grav.

T
his is the d

etector fram
e used

 by experim
entalists on Earth

W
e d

enote by     the typical variation scale of the m
etric

L
B

~ac
2
⇠

1L
B
,

R
µ
⌫
⇢
�
⇠

1L
2B



ds
2
⇡

�
c
2dt 2[1

+
2c
2 ~a

·~x
+

1c
4
(~a

·~x
)
2�

1c
2
( ~⌦

⇥
~x
)
2
+
R

0
i0
j x

ix
j]

+
2cdtdx

i[ 1c
✏
ij
k ⌦

jx
k
�

23
R

0
ij
k x

jx
k]

+
dx

idx
j[�

ij �
13
R

ik
j
l x

kx
l]

W
e d

enote by     the typical variation scale of the m
etric

L
B

~ac
2
⇠

1L
B
,

R
µ
⌫
⇢
�
⇠

1L
2B

At ord
er

O
(
r

L
B
)
0

O
(
r

L
B
)
1

O
(
r

L
B
)
2

M
ink

ow
sk

i (in contrast to T
T
 gauge  

w
here there is no such expansion!)

New
ton

ian corrections

G
W
 and

 no
ise from

 varying gravity

Earth d
etector fram

e (LIG
O/Virgo)

d
2
x
i

d
⌧
2

=
�
a
i�

2(⌦
⇥

v)
i
+

O
(
x
i)

G
eo

d
esic equation:

Earth 
gravity

C
orio

lis  
force



In conclusion, a d
escription in term

s of New
ton

ian concept of 
forces is possible in the Earth d

etector fram
e. 

G
raviational W

aves are sublead
ing w

ith respect to uncertainties in 
Earth gravity and

 local rotation, New
ton

ian and
 seism

ic no
ise.

Einstein Telescope: 2 possible sites: Sard
aigna (better seism

ic 
no

ise) and
 Euregio (better New

ton
ian no

ise)

1
Frequency  

(Hz)

10
�
2
1

10
�
2
2

10
�
2
3

New
ton

ian no
ise

Seism
ic  

no
ise

Q
uantum

 no
ise

G
OOD

10
10000

Strain 
(      )
1
/ p

H
z



In conclusion, a d
escription in term

s of New
ton

ian concept of 
forces is possible in the Earth d

etector fram
e. 

G
ravitational W

aves are sublead
ing w

ith respect to uncertainties in 
Earth gravity and

 local rotation, New
ton

ian and
 seism

ic no
ise.



To iso
late G

W
, w

e focus on d
etector in its frequency w

ind
ow

. 
Acceleration is com

pensated
 by suspend

ers. 

Only R
iem

ann term
s m

atter and
 the expression red

uces to 
freely falling fram

e, as far as w
e only lo

ok
 at com

ponents of      
in the d

irection unconstrained
 by the suspension m

echan
ism x

µ
(⌧
)

If w
e lo

ok
 at the equation for geo

d
esic d

eviation at the centre 
P of the local inertial fram

e

�
↵µ
⌫ |P

=
0

D
2⇠

i

D
⌧
2
=

d
2⇠

i

d⌧
2
=

�
R

i0
j0 ⇠

j( dx
0

d⌧
)
2

Non relativistic m
otion

dx
i

d⌧
⌧

dx
0

d⌧
⇡

c

⇠̈
i
=

�
c
2R

i0
j0 ⇠

j

=
�
c
2(�

12c
2
ḧ
T
T

ij
)⇠

j

W
e can com

pute the 
R
iem

ann in any fram
e 

includ
ing T

T
 gauge.



Finally, in Earth d
etector fram

e in the d
irections unconstrained

 
by suspend

ers: 

In the Earth d
etector fram

e, the effect of G
W
 on a po

int 
particle of m

ass m
 is d

escribed
 as a New

ton
ian force

F
i
=

m2
ḧ
T
T

ij
⇠
j

w
ithout reference to G

R
.

Note that here w
e assum

ed
              w

hich is true for LIG
O. 

|⇠
i|⌧

L
B

⇠̈
i
=

12
ḧ
T
T

ij
⇠
j



M
otion of test m

asses
W
e consid

er a ring of test m
asses in

itially at rest in the 
Earth d

etector fram
e. 

W
e fix the origin at the centre of the ring 

T
hen   d

escribes the d
istance w

.r.t the origin (co
ord

inate 
d
istance = proper d

istance) 

W
e consid

er G
W
 propagating in the z d

irection. T
he ring is 

in the (x,y) plane

h
T
T

ij
(t,z)

=

0@
h
+

h
⇥

0
h
⇥

�
h
+

0
0

0
0

1A
cos[!

(t�
zc
)]

⇠
i

⇠̈
i
=

12
ḧ
T
T

ij
⇠
j



h
T
T

ij
(t,z)

=

0@
h
+

h
⇥

0
h
⇥

�
h
+

0
0

0
0

1A
cos[!

(t�
zc
)]

If the particle is at z=0 at t=0 it 
w
ill rem

ain there.  

T
herefore, G

W
 are transverse in 

their physical effect: they d
isplace 

the test m
asses transversally w

.r.t. 
their d

irection of propagation

sin

⇠̈
i
=

12
ḧ
T
T

ij
⇠
j



W
e w

rite 
⇠
i (t)

=
(x

0
+

�x
(t),y

0
+

�y(t),0)

(x
0 ,y

0 )

�x
⌧

x
0 ,

�y
⌧

y
0

in
itial position

�̈x
=

h
+2
(�

!
2)

sin
!
tx

0

�̈y
=

h
+2
!
2
sin

!
ty

0h
+

h
⇥

0

⇡
/2
⇡

3⇡
/2

!
t

h
+

For
�x

=
h
+2
x
0
sin

!
t

�y
=

�
h
+2
y
0
sin

!
t

<latexit sha1_base64="8LOJ7X7XS6Lj4SgJAyqRxZhwhUE="></latexit>



Helicity of the graviton
h
+

h
⇥

0

⇡
/2
⇡

3⇡
/2

!
t

Invariance und
er 

rotations of angle 

  

G
raviton has  
helicity 2

2⇡2

h
µ
⌫ (x

)7!
h
0µ
⌫ (x

0)
=

⇤
⇢

µ
⇤

�
⌫
h
⇢
�
(x
)

⇤
=

0BB@

1
0

0
0

0
cos

 
�
sin

 
0

0
sin

 
cos

 
0

0
0

0
1

1CCA

h
T
T

ij
(t,z)

=

0@
h
+

h
⇥

0
h
⇥

�
h
+

0
0

0
0

1A
cos[!

(t�
zc
)]

h
T
T

ij
(t,z)

=

0@
h
0+

h
0⇥

0
h
0⇥

h
0+

0
0

0
0

1A
cos[!

(t�
zc
)]

h
0+
=

h
+
cos

2 
�
h
⇥
sin

2 

h
0⇥
=

h
+
sin

2 
+
h
⇥
cos

2 

7!

Pro
of:

helicity eigenstates

h
⇥
±

ih
+
7!

e ⌥
2
i 
(h

⇥
±

ih
+
)
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Energy of G
W

It is clear that G
W
 carry energy-

m
om

entum
: they can accelerate m

asses ! 
(Derived

 by Bond
i in 1961) 

Accord
ing to G

R
, any form

 of energy 
ind

uces curvature 

G
W
 then back

reacts at second
 ord

er 
beyond

 linear ord
er and

 that curvature 
allow

s to d
efine energy.



C
onsistency of 

perturbation theory

g
µ
⌫
=

⌘
µ
⌫
+

h
µ
⌫
+

h
(2

)
µ
⌫
+
...

g
µ
⌫
=

ḡ
µ
⌫
+
h
µ
⌫
+
h
(2

)
µ
⌫
+

...

|h
µ
⌫ |⌧

1

C
onsistent if back

reaction is sm
aller than the perturbation 

(far from
 m

asses)

In general, close to m
asses that generate G

W
:|h

µ
⌫ |⌧

1

W
e w

ill d
istinguish the notion of back

ground
 and

 
perturbation by their frequency content :               

back
ground

 = low
 frequency        

perturbation = high frequency



W
e consid

er the situation in w
hich in som

e reference fram
e 

w
e can separate the m

etric into a back
ground

 plus 
fluctuations w

here separation is based
 on a scale in tim

e or 
space (“short-w

ave expansion”)

�̄
⌧

L
B

f
�

f
B

Am
plitud

e

f
f
B

G
W

New
ton

ian/ 
Seism

ic

g
µ
⌫
=

ḡ
µ
⌫
+
h
µ
⌫

Tw
o sm

all param
eters: (1)

(2)

h
⌘

O
(
h
µ
⌫ )

�̄L
B
,

f
Bf



W
e now

 expand
 Einstein’s equations to quad

ratic ord
er in h

µ
⌫

R
µ
⌫
=

8⇡
G

c
4

(T
µ
⌫
�

12
g
µ
⌫ T

)

R
µ
⌫ [g]

=
R̄

µ
⌫ [ḡ]+

R
(1

)
µ
⌫
[h
;ḡ]+

R
(2

)
µ
⌫
[h
,h

;ḡ]+
...

low
 freq 

m
o
d
es

high freq 
m

o
d
es

both m
o
d
es

e
~k·~xe �

~k·~x
⇠

e
0

Low
 m

o
d
e eqs:

High m
o
d
e eqs:

R̄
µ
⌫
=

�
[R

(2
)

µ
⌫
] L

o
w
+

8⇡
G

c
4

(T
µ
⌫
�

12
g
µ
⌫ T

)
lo
w

R
(1

)
µ
⌫
=

�
[R

(2
)

µ
⌫
]
H

i
g
h
+

8⇡
G

c
4

(T
µ
⌫
�

12
g
µ
⌫ T

)
h
i
g
h

T
he low

 equation gives energy-m
om

entum
 of G

W. It can be 
obtained

 practically as fo
llow

s. W
e intro

d
uce an interm

ed
iate 

tim
e scale t̄

1f
B

�
t̄�

1f



W
e then average over   , i.e. over m

any perio
d
s of G

W
:

t̄

R̄
µ
⌫
=

�
hR

(2
)

µ
⌫ i

+
8⇡

G

c
4

hT
µ
⌫
�

12
g
µ
⌫ T

i

T
his w

as und
ersto

o
d
 in the sixties. T

his is a renorm
alisation 

group flow
. W

e integrated
 out high frequencies to d

escribe 
physics of low

 frequencies.

W
e d

efine the effective stress-tensor of G
W

tµ
⌫
⌘

�
c
4

8⇡
G
hR

(2
)

µ
⌫
�

12
ḡ
µ
⌫ R

(2
)i

R
(2

)⌘
ḡ
µ
⌫R

(2
)

µ
⌫

t
=

ḡ
µ
⌫tµ

⌫
=

+
c
4

8⇡
G
hR

(2
)i

because       is  
low

 frequency
ḡ
µ
⌫

W
e d

ed
uce

�
hR

(2
)

µ
⌫ i

=
8⇡

G

c
4

(tµ
⌫
�

12
ḡ
µ
⌫ t)



R̄
µ
⌫
=

�
hR

(2
)

µ
⌫ i

+
8⇡

G

c
4

hT
µ
⌫
�

12
g
µ
⌫ T

i

W
e d

efine

hT
µ
⌫
�

12
g
µ
⌫ T

i⌘
T̄
µ
⌫
�

12
ḡ
µ
⌫ T̄

T
he effective Einstein’s equations at low

 frequencies

becom
e

R̄
µ
⌫
�

12
ḡ
µ
⌫ R̄

=
8⇡

G

c
4

(T̄
µ
⌫
+

tµ
⌫ )

T
his is the coarse-grained

 form
 of Einstein’s equations

W
e equated

 d
ifferent ord

ers in h. T
his is possible because 

there is a second
 sm

all param
eter          .

�̄L
B

⌧
1



Explicit expressions:



Einstein equations’ constraints 
on the sm

all param
eters

R̄
µ
⌫
�

12
ḡ
µ
⌫ R̄

=
8⇡

G

c
4

(T̄
µ
⌫
+

tµ
⌫ )

ḡ
µ
⌫
=

O
(1)

@
ḡ
µ
⌫
⇠

1L
B

@
h
µ
⌫
⇠

h�̄

R̄
µ
⌫
⇠

@
2ḡ

µ
⌫
⇠

1L
2B

R
(2

)
µ
⌫
⇠

(@
h
)
2
⇠

h
2

�̄
2

W
e cho

ose co
ord

inates such that

Einstein’s equations give

h
⇠

�̄L
B

1L
2B

⇠
h
2

�̄
2
+
(m

atter)
if no m

atter

h
⌧

�̄L
B

If d
om

inant m
atter

1L
2B

�
h
2

�̄
2

T
herefore, if back

ground
 slow

 frequency perturbation are 
neglected

, the perturbation series in h break
s d

ow
n. 



G
ravitational energy 

-m
om

entum
 tensor

T
he energy-m

om
entum

 tensor can be com
puted

 assum
ing

ḡ
µ
⌫
=

⌘
µ
⌫

(far from
 sources, ignoring Earth gravity)

W
e d

o the com
putation in harm

on
ic and

          gauge
h
=

0

@
µ
h
µ
⌫
=

0,
h
=

0

tµ
⌫
⌘

�
c
4

8⇡
G
hR

(2
)

µ
⌫
�

12
ḡ
µ
⌫ R

(2
)i



R
(2

)
↵
�

Integrations by parts in       are possible

@
t

@
i

total d
erivatives d

rop because of tim
e average

can be expressed
 as       because w

aves
@
t

h
µ
⌫
=

Z
✏
µ
⌫ e

i!
(t�

n̂
·~xc

),
~k
=

!c
n̂

In harm
on

ic gauge, a perturbation is a superposition of 
plane w

aves

W
e have 

@
t h

µ
⌫
=

i!
h
µ
⌫

@
i h

µ
⌫
=

�
i!c

n
i h

µ
⌫

@
i h

µ
⌫
=

�
1c
n
i @

t h
µ
⌫

h@
↵
T

↵µ
⌫ i

=
0,

8
T

↵µ
⌫



Exercise

hR
(2

) i
=

0

@
µ
h
µ
⌫
=

0,
h
=

0

Use

g
µ
⌫
=

⌘
µ
⌫

h@
↵
T

↵µ
⌫ i

=
0,

8
T

↵µ
⌫

G
iven

Assum
e

to prove

(i)

(ii)
hR

(2
)

µ
⌫ i

=
�
14 h@

µ
h
↵
�
@
⌫ h

↵
�i

⇤
h
↵
�
=

0



So
lution



So
lution

hR
(2

)i
=

12 h 32
@
µ
h
↵
�
@
µ
h
↵
�
�

@
↵
h
�
� @

�
h
↵
�
+
h
↵
�
@
µ
@
µ
h
↵
� i

=
0



So
lution

hR
(2

)i
=

12 h 32
@
µ
h
↵
�
@
µ
h
↵
�
�

@
↵
h
�
� @

�
h
↵
�
+
h
↵
�
@
µ
@
µ
h
↵
� i

=
0



So
lution

hR
(2

)i
=

12 h 32
@
µ
h
↵
�
@
µ
h
↵
�
�

@
↵
h
�
� @

�
h
↵
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So
lution

hR
(2
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=

12 h 32
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µ
h
↵
�
@
µ
h
↵
�
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@
↵
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�
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@
µ
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↵
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=
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hR
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)
µ
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=
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@
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�
@
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↵
�
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@
↵
h
µ
�
@
↵
h
�⌫
�
@
↵
h
µ
�
@
�
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+
h
↵
�
@
µ
@
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↵
�
+
h
↵
�
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↵
@
�
h
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⌫
�
h
↵
�
@
↵
@
µ
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⌫
�
�
h
↵
�
@
↵
@
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µ
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)
µ
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=
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µ
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↵
�
@
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G
ravitational energy 

-m
om

entum
 tensor

Energy-m
om

entum
 tensor is

tµ
⌫
=

c
4

32⇡
G
h@

µ
h
↵
�
@
⌫ h

↵
�i

Do resid
ual gauge transform

ation change the stress-tensor?

tµ
⌫
⌘

�
c
4

8⇡
G
hR

(2
)

µ
⌫
�

12
ḡ
µ
⌫ R

(2
)i

�
⇠ h

µ
⌫
=

�
⇠ ⌘

µ
⌫
=

@
µ
⇠
⌫
+
@
⌫ ⇠

µ

�
⇠ tµ

⌫
=
?



Exercise

�
⇠ tµ

⌫
=

0
Prove

tµ
⌫
=

c
4

32⇡
G
h@

µ
h
↵
�
@
⌫ h

↵
�i

�
⇠ h

µ
⌫
=

�
⇠ ⌘

µ
⌫
=

@
µ
⇠
⌫
+
@
⌫ ⇠

µ

Using



So
lution

�
⇠ tµ

⌫
=

0
Prove

tµ
⌫
=

c
4

32⇡
G
h@

µ
h
↵
�
@
⌫ h

↵
�i

�
⇠ h

µ
⌫
=

�
⇠ ⌘

µ
⌫
=

@
µ
⇠
⌫
+
@
⌫ ⇠

µ

Using

h
=

0
!

@
↵
⇠
↵
=

0
@
↵
h
↵
µ
=

0
!

⇤
⇠
µ
+

@
µ
@
↵
⇠
↵
=

0
R
em

em
ber

h@
↵
(@

... h
µ
⌫ @

... ⇠
�
)i

=
0

T
herefore



So
lution

�
⇠ tµ

⌫
=

0
Prove

tµ
⌫
=

c
4

32⇡
G
h@

µ
h
↵
�
@
⌫ h

↵
�i

�
⇠ h

µ
⌫
=

�
⇠ ⌘

µ
⌫
=

@
µ
⇠
⌫
+
@
⌫ ⇠

µ

Using

h
=

0
!

@
↵
⇠
↵
=

0
@
↵
h
↵
µ
=

0
!

⇤
⇠
µ
+

@
µ
@
↵
⇠
↵
=

0
R
em

em
ber

h@
↵
(@

... h
µ
⌫ @

... ⇠
�
)i

=
0

T
herefore

C
om

pute
�
⇠ tµ

⌫
⇠

h@
µ
(@

↵
⇠
�
+
@
�
⇠
↵
)@

⌫ h
↵
�i

+
(µ

$
⌫
)

�
⇠ tµ

⌫
⇠

h@
µ
@
↵
⇠
�
@
⌫ h

↵
�i

+
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$
⌫
)

�
⇠ tµ

⌫
⇠

h@
µ
⇠
�
@
↵
@
⌫ h

↵
�i

+
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$
⌫
)⇠
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G
ravitational energy 

-m
om

entum
 tensor

Energy-m
om

entum
 tensor is

tµ
⌫
=

c
4

32⇡
G
h@

µ
h
↵
�
@
⌫ h

↵
�i

Q
uestion: d

o resid
ual gauge transform

ation change the stress-
tensor? Answ

er: no.

T
herefore, w

e can replace
h
µ
⌫

h
T
T

µ
⌫

by

In particular, the effective energy d
ensity is

t 0
0
=

c
2

32⇡
G
hḣ

T
T

ij
ḣ
T
T

ij
i
=

c
2

16⇡
G
hḣ

2+
+

ḣ
2⇥ i

tµ
⌫
⌘

�
c
4

8⇡
G
hR

(2
)

µ
⌫
�

12
ḡ
µ
⌫ R

(2
)i

ḟ
=

@
t f

=
c@

0 f

h
T
T

ij
=

✓
h
+

h
⇥

h
⇥

�
h
+

◆
cos[!

(t�
zc
)]



Bianchi id
entities im

plyD̄
µ
(T̄

µ
⌫
+

tµ
⌫ )

=
0

Far from
 the sources

@
µ
tµ

⌫
=

0
Z

V
d
3x

[@
0 t 0

0
+
@
i t i0]

=
0

on a given vo
lum

e V

E
V
⌘

Z
d
3x

t 0
0

T
he effective energy of the vo

lum
e is

1c

dE
V

dt
=

�
Z

V
d
3x

@
i t 0

i
=

�
Z

dA
n
i t 0

i

T
his proves that one can associate to each Po

incaré sym
m

etry 
a conserved

 quantity (up to higher ord
er perturbations) 



Tak
e S a spherical surface 

dA
=

r
2d⌦

dE
V

dt
=

�
c
r
2 Z

d⌦
t 0

r

=
c
4

32⇡
G
h@

0h
T
T

ij
@@
r
h
T
T

ij
i

h
T
T

ij
=

1r
f
ij (t�

rc
)

T
his is sim

ilar to electrom
agnetic w

aves, up to a spin-2 
po

larization

Single plane w
aves are not realistic as global so

lutions at 
large d

istances. Instead
, a G

W
 propagating rad

ially outw
ard

s 
has the fo

llow
ing form

 at large d
istances from

 the source 
(proven later)

+
O
(
r �

2)



Exercise

Prove that 
h
T
T

ij
=

1r
f
ij (t�

rc
)

obeys
⇤
h
T
T

ij
=

O
(
r �

2)



So
lution

Prove that 
h
T
T

ij
=

1r
f
ij (t�

rc
)

obeys

⇤
�

=
1

p
|g| @

µ

⇣p
|g|g

µ
⌫@

µ
�
⌘

Use

ds
2
=

�
c
2dt 2

+
dr

2
p

|g|
=

c

ds
2
=

�
c
2du

2�
2cdu

dr
p

|g|
=

c

V
µ
=

g
µ
⌫@

⌫ ( f
ij (u

)

r
)
=

(�
�
1

r
2
f
ij ,�

( 1r
)@

u f
ij
+
(�

1r
2
)f

ij )

g
µ
⌫
=

✓
�
1

�
1

�
1

0

◆
�
1

=

✓
0

�
1

�
1

1

◆
x
µ
=

(u
,r)

Drop c

@
µ
V

µ
=

1r
2
@
u
f
ij
+

1r
2
@
u
f
ij
+

1r
3
f
ij
=

O
(
r �

2)

⇤
h
T
T

ij
=

O
(
r �

2)



@@
r
h
T
T

ij
=

�
1r
2
f
ij (t�

rc
)
+

1r
(�

1c
)
@@
t f

ij
=

�
@
0 h

T
T

ij
=

@
0h

T
T

ij

t 0
r
=

t 0
0

An observer sitting at large d
istances sees a plane w

ave front.

Since      d
ecreases, G

W
 carry aw

ay an energy flux
E

V

dE

dA
dt

=
+
c
t 0

0
=

c
3

32⇡
G
hḣ

T
T

ij
ḣ
T
T

ij
i

=
c
3

16⇡
G
hḣ

2+
+

ḣ
2⇥ i

T
his is Einstein’s form

ula for the flux-balance law
 of energy, w

ith 
a factor of 2 corrected

 by Ed
d
ington.



Po
incaré flux-balance law

s

W
e can d

efine the flux of m
om

entum

dP
k

dt
=

�
c
3

32⇡
G
r
2 Z

d⌦
hḣ

T
T

ij
@
kh

T
T

ij
i

Also, the flux of angular m
om

entum
 and

 centre of m
ass

J
µ
=

t µ
⌫⇠̄

⌫
@
µ
J
µ
=

0

For each Killing vector of M
ink

ow
sk

i, w
e have a 

conserved
 current :

T
hose are the flux-balance law

s for Po
incaré charges



Asym
ptotic view

 on flux-balance law
s

Approach of Bond
i, van d

en Burg, M
etzner, Sachs (BM

S), 1962



Einstein’s so
lution

R
ad

iative gauge [New
m

an-Unti gauge]

g
r
r
=

�
1,

g
r
u
=

g
r
✓
=

g
r
�
=

0

ds
2
=

�
c
2du

2�
2cdu

dr
+

r
2(d✓

2
+
sin

2
✓d�

2)

+
2mr

du
2
+

rC
A
B
dx

A
dx

B
+
...

+
N

Ar
du

dx
A
+

...

+
1r
i E

(i)
A
B
dx

A
dx

B
+

...

T
he asym

ptotic so
lution tak

es the form

It d
epend

s onC
A
B
,

m
,N

A
,E

(i)
A
B
,

i
=

1,2,...

Unconstrained
C
onstrained



BM
S flux-balance law

s
Q

T
(u
)⌘

Z

S
d
2⌦

m
(u
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)T
(✓,�

)

Q
R
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S
d
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N
A
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A
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S
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Z

S
d
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B
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)S
A
B
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)

@
u Q

(i)
S
(u
)
=

fl
u
x
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I
+
d
ictated
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E
in
stein

’s
equ
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s

@
u Q

T
(u
)
=

fl
u
x
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I
+
d
ictated
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E
in
stein

’s
equ

ation
s

@
u Q

R
(u
)
=

fl
u
x
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I
+
d
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E
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s

Superm
om

entum

Super-Lorentz charge



1.3. G
eneration of G

W



Binaries as sources of G
W

W
e consid

er a slow
ly m

oving source, w
hich is w

eak
ly self-

gravitatingd

R
S

vc
⌧

1
R

Sd
⌧

1
R

S
=

2G
m

c
2

m
=

m
1
+
m

2
Total 
M
ass

Typical  
velocity

Schw
arzschild

 rad
ius of the source

Size of the source

Total m
ass

Typical exam
ple: a binary system

 in the early inspiral phase



Binaries ad
m

it only one sm
all param

eter 
as a result of gravitational bind

ing

µ
=

m
1 m

2

m
1
+
m

2
m

=
m

1
+
m

2

As a result, for binary com
pact objects, corrections in v/c ind

uce 
corrections in G

.

R
ed

uced
  

M
ass

Total 
M
ass

vc
⌧

1
R

Sd
⌧

1

G
ravitational bind

ing gives

12
µ
v
2
⇠

12

G
µ
md

v
2

c
2
⇠

R
Sd



G
W
 w

avelength in term
s of the 

source size
If     is the typical frequency of m

otion insid
e the 

source and
 d

 is the source size, the typical velocities 
are 

T
he frequency of rad

iation w
ill also be of the ord

er of 

!
s

v
⇠

!
s d

T
he red

uced
 w

avelength:

For a non-relativistic system
, 

v
⌧

c

(Pro
of: later on !)

d
⌧

�̄

!
g
w
⇠

2!
s�̄

=
c!
⇠

c!
s
⇠

cv
d

gw



d

R
S

Near Z
one

T
he 3 zones of the Post-New

ton
ian/

Post-M
ink

ow
sk

ian form
alism

r
d

0
�̄

0


r
⌧

�̄Vacuum
/Exterior Z

one

d
<

r
<

1

R
ad

iation Z
one 

�̄
⌧

r
<

1

PN/PM
 expansion

M
ultipo

lar PM
 expansion

M
ultipo

lar rad
iative expansion

PN expansion + m
ultipo

lar rad
iation reaction

[Blanchet/Dam
our, 198

3] 
[W

ill,W
isem

an/Pati]



M
ultipo

lar PM
 expansion

PN expansion + m
ultipo

lar rad
iation reaction



In this lecture, w
e w

ill d
erive the m

otion at the low
est 

ord
er:  

-
in the Near-Z

one: New
ton

ian (0PN) + 2.5PN rad
iation-

reaction 
-

in the exterior zone: M
ink

ow
sk

i + linear G
W
 (1PM

)



W
eak

 sources w
ith arbitrary 

velocity

⇤
h̄
µ
⌫
=

�
16⇡

G

c
4

T
µ
⌫

@
µ
h̄
µ
⌫
=

0,
@
⌫T

µ
⌫
=

0

⇤
G
(x

�
x
0)
=

�
4(x

�
x
0)

h̄
µ
⌫
=

�
16⇡

G

c
4

Z
d
4x

0G
(x

�
x
0)T

µ
⌫ (x

0)

G
(x

�
x
0)
=

�
1

4⇡|~x
�
~x
0| �(x

0r
e
t �

x
00r
e
t )

x
00
=

ct 0
x
0r
e
t
=

ctr
e
t

tr
e
t
=

t�
|~x

�
~x
0|

c

Explicitly,

W
e can so

lve it in term
s of the retard

ed
 G

reen function:



R
ecall that outsid

e the source, w
e can use T

T
 gauge and

 w
e have

h
T
T

ij
=

⇤
ij,k

l h
k
l

T
herefore, outsid

e the source w
e have

h
T
T

ij
(t,~x

)
=

4Gc
4
⇤
ij,k

l (~x
) Z

d
3x

0
1

|x
�
x
0| T

k
l (t�

|x
�

x
0|

c
,x

0)

Note that       d
epend

s upon the integrals of the spatial 
com

ponents of
h
T
T

ij
T
k
l

(tem
poral com

ponents are related
 by conservation)



r
�

d~x
�
~x 0

~x
0

~x 0· x̂

Detector

Source

d

|~x
�
~x
0|
=

r
�
~x
0·

x̂
+
O
(
d
2
/
r)
,

x̂
⌘

~xr

T
herefore, for large r, 

h
T
T

ij
=

1r

4Gc
4
⇤
ij,k

l (x̂
) Z

d
3x

0T
k
l (t�

rc
+

~x
0·x̂
c

,~x
0)



For a non-relativistic system
, 

v
⌧

c
�̄
�

d

W
eak

 sources w
ith low

 velocity
Fourier transform

:

T
k
l (t�

rc
+

~x
0·x̂
c

,~x
0)
=

Z
d
4k

(2⇡
)
4
T̃
k
l (!

, ~k
)e �

i!
(t�

rc
+

~x
0·x̂
c

)+
i ~k·~x

0

T̃
k
l (!

, ~k
)

!
s

!

!
s d

⌧
c

and
            only insid

e the source
T
k
l 6=

0

!
~x
0·x̂
c


!
s dc

⌧
1 |~x

0|
d



W
e can therefore expand

e �
i!

(t�
rc
+

~x
0·x̂
c

)
=

e �
i!

(t�
rc
)[1

�
i
!c
~x
0·

x̂
+
O
(
!c
)
2]

T
his is equivalent in position space to expand

ing

T
k
l (
t�

rc
+

~x
0·

x̂

c
,
~x
0)⇡

T
k
l (
t�

rc
,
~x
0)
+

~x
0·

x̂

c
@
t
T
k
l +

O
(
@
2t
T
k
l )

W
e d

efine the m
ultipo

les of the stress-tensor

S
ij,k(t)

=

Z
d
3x

T
ij(t,~x

)x
k

S
ij,k

l(t)
=

Z
d
3x

T
ij(t,~x

)x
kx

l

S
ij(t)

=

Z
d
3x

T
ij(t,~x

)

W
e get

h
T
T

ij
(t,x

)
=

1r

4Gc
⇤
ij,k

l (x̂
)[S

k
l+

1c
x̂
m
Ṡ
k
l,m

+
12c
2
x̂
m
x̂
p S̈

k
l,m

p
+

...]r
e
t

evaluated
 at t-r/c

!
s dc

⇠
vc

O
(
vc
)
2



T
herefore, w

eak
 sources w

ith low
 velocity em

it 
gravitational rad

iation that is essentially 
d
eterm

ined
 by the low

est m
ultipo

le m
om

ents

W
e d

o not need
 to k

now
 all the structure of the source 

W
e only need

 to k
now

 its low
est m

ultipo
le m

om
ents

h
T
T

ij
(t,x

)
=

1r

4Gc
⇤
ij,k

l (x̂
)[S

k
l+

1c
x̂
m
Ṡ
k
l,m

+
12c
2
x̂
m
x̂
p S̈

k
l,m

p
+

...]r
e
t

!
s dc

⇠
vc

O
(
vc
)
2

2.5PN
3.5PN

[w
ill be justified

 later]

In term
s of G

W
 pow

er:



Tw
o sets of m

ultipo
les have a physical interpretation:

M
ass m

ultipo
les:

M
om

entum
 m

ultipo
les:

M
=

1c
2

Z
d
3x

T
0
0(t,x

)

M
i
=

1c
2

Z
d
3x

T
0
0(t,x

)x
i

…P
i
=

1c

Z
d
3x

T
0
i(t,x

)

P
i,j

=
1c

Z
d
3x

T
0
i(t,x

)x
j

…

T
he m

ultipo
les of      are related

 to tim
e d

erivatives of 
these m

ultipo
les by the conservation of the stress-tensor

T
ij



Exercise

Obtain the tim
e d

erivative of the low
est m

ass and
 m

om
entum
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Ṗ
i,j

k
=

S
ij,k

+
S
ik

,j

(i)

(ii)

(iii)

(iv)

(v)

(vi)

M
L
=

1c
2

Z
d
3x

T
0
0x

L
P

i,L
=

1c

Z
d
3x

T
0
ix

L

using @
µ
T

µ
⌫
=

0
.



So
lution

(i)
cṀ
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lution

(iii)
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W
e can com

bine these id
entities to express              in 
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s of the m

ass and
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entum
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T
he gravitational w

ave em
ission brings as first contribution a 

2.5PN correction to the m
otion. It is called

 the rad
iation reaction.

.
.
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Near Z
one
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he 3 zones of the Post-New
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PN expansion + m
ultipo

lar rad
iation reaction
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1.4
. Q

uasi-circular inspiral 
of com

pact binaries



Neglect conservative PN corrections 
(Keplerian m

otion + rad
iation reaction) 

Assum
e quasi-circularity
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5 hQ̈

ij (t�
rc
)Q̈

ij (t�
rc
)i

dE
s
o
u
r
ce

dt
=

G
m
µ

2R
2
Ṙ
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otion given by the flux-balance law
 of energy:
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Exercise

Obtain the quad
rupo

le rad
iation from

 a m
ass in a circular 

orbit

(i) Starting from
 the relativistic expression

T
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Assum
e orbital m

otion is exactly circular (not elliptic)
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M
etric perturbation
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C
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pute the angular d
istribution of rad
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ḣ
2⇥ i

h
+
(t,✓,�

)
=

1r

4G
µ
!
2s R

2

c
4

( 1
+
cos

2
✓

2
)
cos(2!

s tr
e
t
+
2�

)

h
⇥
(t,✓,�

)
=

1r

4G
µ
!
2s R

2

c
4

cos
✓
sin

(2!
s tr

e
t
+
2�

)

using

hcos
2(2!

s tr
e
t
+

�
)i

=
hsin

2(2!
s tr

e
t
+

�
)i

=
12

Use



dE

dtd⌦
=

2G
µ
2R

4!
6s

⇡
c
5

g(✓)

g(✓)
=

( 1
+
cos

2
✓

2
)
2
+
cos

2
✓

Face-on

Ed
ge-on

P
r
a
d
=

dEdt
=

325

G
µ
2

c
5

R
4!

6s
=

325

G
µ
2

R
2
( vc

)
6

Z
d⌦4⇡

g(✓)
=

45



Inspiral m
otion to coalescence as a 

consequence of energy flux-balance
Em

ission of G
W
 costs energy, tak

en from
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’s total 
energy
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