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Universal Deformation Formula = tool that deforms objects (e.g.
alegbras) from their symmetries.
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Example
G : Lie group
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Example
G : Lie group x, = left-invariant formal star product on G

po : CE(G)[Wll @ C=(6)[[W]] = CE(G)[V]] : A ® fa s fi.fo
fix b = po (ﬂ ®fHh + i’fkl:—k(fl ® fz))
k=1

Fi € U(g) @ U(g)
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Example
G : Lie group x, = left-invariant formal star product on G

po : C=(G)[W] @ C=(G)[M] = ()W - A @ fify

oo
fi fb = po (ﬂ ®fh + > VFR(A® fz))
k=1

Fi € U(g) @ U(g)

Drinfel'd: F = | + Y02 vkFe & %,(F)

Pierre Bieliavsky Universal Deformation Formulae



Example
G : Lie group x, = left-invariant formal star product on G

po : C=(G)[W] @ C=(G)[M] = ()W - A @ fify

oo
fi fb = po (ﬂ ®fh + > VFR(A® fz))
k=1

Fi e U(g) © U(g)
Drinfel'd: F = | + Y02 vkFe & %,(F)

(A®1)(F).(F®1) = (1A).(1®F)
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Application M: differential manifold
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Application M: differential manifold
T:GXM—= M: (g, x)— 1g(x)

= a:Gx C¥(M) = C*(M):ag(u) = oty
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Application M: differential manifold
T:GXM—= M: (g, x)— 1g(x)
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Application M: differential manifold
T:GXM—= M: (g, x)— 1g(x)
= a:Gx C¥(M) = C*(M):ag(u) = oty

U(g) x CX(M) = C=(M) = X*(0) = & loorsgox)(0)

oo
Ho <u®v + Zl/kF,f‘(u@v)) = ux*,v

k=1
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Application M: differential manifold
T:GXM—= M: (g, x)— 1g(x)
= a:Gx C¥(M) = C*(M):ag(u) = oty

U(g) x CX(M) = C=(M) = X*(0) = & loorsgox)(0)

oo
Ho <u®v + Zl/kF,f‘(u@v)) = ux*,v
k=1

«
v

Prop. : x¢ is a star product on M
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More generally: F: formal Drinfel'd twist based on U(g)
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(A, pp) associative algebra
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More generally: F: formal Drinfel'd twist based on U(g)
(A, pp) associative algebra

U(g) x A — A module algebra action

= pp(a@b) == pa(F(a® b))

is associative product on A[[V]]
U(g) does not act on A = (A[[]], uf)
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More generally: F: formal Drinfel'd twist based on U(g)
(A, pp) associative algebra

U(g) x A — A module algebra action

= pp(a@b) == pa(F(a® b))

is associative product on A[[V]]
U(g) does not act on A = (A[[]], uf)
but

U)r = U, -, A = FTIAF)

does (as a Hopf-algebra—quantum group).
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Problem: A: C*-algebra, Fréchet algebra, etc... then AF is only
formal.
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Problem: A: C*-algebra, Fréchet algebra, etc... then AF is only
formal.

Non-formal version?
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Problem: A: C*-algebra, Fréchet algebra, etc... then AF is only
formal.

Non-formal version?
Seeking for non-formal star product on G

Ukgv = ,uo/ Ko(x,y) Ry @ Ry dx dy
GxG
where

R«(g) = gx
[0— Ky] € CP(R,D'(G x G))
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M. Rieffel [Mem AMS. 94']
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')

S(x,y,z) := 4 Symplectic Area( Triangle(x,y, z) )
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')

S(x,y,z) := 4 Symplectic Area( Triangle(x,y, z) )

1 gy
Kilxoy) = gas €005
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')

S(x,y,z) := 4 Symplectic Area( Triangle(x,y, z) )

1 gy
Kilxoy) = gas €005

(A, up) : Fréchet algebra
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')

S(x,y,z) := 4 Symplectic Area( Triangle(x,y, z) )

1 gy
Kilxoy) = gas €005

(A, 1p) : Fréchet algebra o :R?" x A — A : Action
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')

S(x,y,z) := 4 Symplectic Area( Triangle(x,y, z) )

1 gy
Kolx.y) = oar €8505)
(A, 1p) : Fréchet algebra o :R?" x A — A : Action

A® = {a € A|[R* = A:x— ay(a)] € C®(R? A)}
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M. Rieffel [Mem AMS. 94'] G = (R w = dp;Adq')

S(x,y,z) := 4 Symplectic Area( Triangle(x,y, z) )

1 gy
Kilxoy) = gas €005

(A, 1p) : Fréchet algebra o :R?" x A — A : Action
A® = {a € A|[R* = A:x— ay(a)] € C®(R? A)}
Then:
1 i
axg b == — pp / er50xY) o, (a) @ ay(b) dx dy
92’1 R2nxR2n

*xg 1 A% x A® — A>  Fréchet algebra
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If Ais C*-algebra then (A, %§) is pre-C*-algebra
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Ay = C* — completion (A™, %)

then
{Ap}ger continuous field of C*-algebras
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If Ais C*-algebra then (A, %§) is pre-C*-algebra
Ay = C* — completion (A™, %)

then
{Ap}ger continuous field of C*-algebras

Example: NonCommutative Torus ’]I%

uv = €evu
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If Ais C*-algebra then (A, %§) is pre-C*-algebra
Ay = C* — completion (A™, %)

then
{Ap}ger continuous field of C*-algebras

Example: NonCommutative Torus ’]I%
Uuv =evu

Example: NC Mobius strip (dedicated to Chiara, Alberto and
Xiang)
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If Ais C*-algebra then (A, %§) is pre-C*-algebra
Ay = C* — completion (A™, %)

then
{Ap}ger continuous field of C*-algebras

Example: NonCommutative Torus ’]I%
Uuv =evu
Example: NC Mobius strip (dedicated to Chiara, Alberto and

Xiang)
M = G/G° G = SO(2) x R? g(e't,a,b) = (et,—a,b).
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If Ais C*-algebra then (A, %§) is pre-C*-algebra
Ay = C* — completion (A™, %)

then
{Ap}ger continuous field of C*-algebras

Example: NonCommutative Torus ’]I%
Uuv =evu

Example: NC Mobius strip (dedicated to Chiara, Alberto and
Xiang)

M = G/G° G = SO(2) x R? g(e't,a,b) = (et,—a,b).
= 7 R2xM—-M = a:R?x G(M) = G(M)
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If Ais C*-algebra then (A, %§) is pre-C*-algebra
Ay = C* — completion (A™, %)

then
{Ap}ger continuous field of C*-algebras

Example: NonCommutative Torus ’]I%
Uuv =evu

Example: NC Mobius strip (dedicated to Chiara, Alberto and
Xiang)

M = G/G° G = SO(2) x R? g(e't,a,b) = (et,—a,b).
= 1 R2xM—>M = a:R?x G(M) — G(M)

Poisson structure: {f,g} = po(dag, A dag,(f ® g))
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Triple (M, 11, S) where
(M, 1) : Topological measured space
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Triple (M, 11, S) where
(M, 1) : Topological measured space
S:MxMx M — R continuous
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Triple (M, 11, S) where

(M, 1) : Topological measured space
S:MxMx M — R continuous
such that :

(i) S(x,y,z) =S(z,x,y) = =S(y,x, z)
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Triple (M, 11, S) where

(M, 1) : Topological measured space
S:MxMx M — R continuous
such that :

(I) S(X,y,Z) = S(Z7Xay) = —S(y,X,Z)
(ii) Forall m,x,y,z € M,

S(x,y,z) = S(x,y,m)+ S(y,z,m)+ S(z, x, m)
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Triple (M, 11, S) where

(M, 1) : Topological measured space
S:MxMx M — R continuous
such that :

(I) S(X,y,Z) = S(Z7Xay) = —S(y,X,Z)
(ii) Forall m,x,y,z € M,

S(x,y,z) = S(x,y,m)+ S(y,z,m)+ S(z, x, m)

(i) for all x € M, 3 u-preserving homeomorphism s, : M — M
such that :

S(x,y,z) = —=S(x, s«(y), z) Vy,z € M.
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uxv(x) = /M e u(y) @) ly) ()
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uxv(x) = /M e u(y) @) ly) ()

V4
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uxv(x) = /M e u(y) @) ly) ()

Y
A def. S(x,y,z).
)= [ e y<}X ) uly) v(2) () n(2)
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Associativity:

Pierre Bieliavsky
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Volume preserving homeomorphism ¢ : (M, 1) — (M, u) such that
for all t,
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S-barycenter: g = g(a, b, ¢, d) such that
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S-barycenter: g = g(a, b, ¢, d) such that

d c

There exists such a barycenter.
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S-barycenter: g = g(a, b, ¢, d) such that

a b a b
X _ | I
d c d c

There exists such a barycenter.
a { {b
d c

a b
X :
d c
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a b a b

e

d c  d c
_b
daA'c

C
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XD
AT A
X
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XM
s
Py

c
Any continuous path joining a to ¢ contains such a point g.
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Fix S-barycenter g for {a, b, c,d}.
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Property (iii):

z se(y) i

implies
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Property (ii):

z V4

Pierre Bieliavsky Universal Deformation Formulae



Barycentric property of g:

a b a._»_.b
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a b a b a b
;t - Et N M
d c d c d c
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a b a b a b
;t - Et N M
d c d c d c
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a b a b a b
;t - Et N M
d c d c d c
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a b a b a b
;t - Et N M
d c d c d c

Y =S¢
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']

D = L/K homogeneous complex bounded domain in C"
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"

e.g. Hyperbolic plane
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"
e.g. Hyperbolic plane

Iwasawa decomposition L = ANK
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"
e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"
e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G — manifold (G,w,V)
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"
e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G — manifold (G,w,V)

Vx € G : sy: G— G geodesic symmetry
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"
e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G — manifold (G,w,V)

Vx € G : sy: G— G geodesic symmetry
Prop: Vx,y,z 31 € G s.t. ses,5,(8) = &
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15']
D = L/K homogeneous complex bounded domain in C"
e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G — manifold (G,w,V)

Vx € G : sy: G— G geodesic symmetry
Prop: Vx,y,z 31 € G s.t. ses,5,(8) = &

O: GXGXG = GXGXG: (x,y,z) —~ (&, 5,(€), sys,(§)) diffeo.
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S(x,y,z) = ” )w
xX,y,Z
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S(vayz) = ﬁ( )w
X,y,Z

1 i
Ko(x,y) = W\Jva;(e,x,y)ﬂ/z eb Fo(e ) W
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S(x,y,z) = ﬁ( )w
xX,y,Z

1 i
Ko(x,y) = W\Jva;(e,x,y)ﬂ/z eb Fo(e ) W

=

UDF actions of G on Fréchet or C*-algebras.
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S(x,y,z) = ﬁ( )w
xX,y,Z

1 i
Ko(x,y) = W\Jva;(e,x,y)ﬂ/z eb Fo(e ) W

=

UDF actions of G on Fréchet or C*-algebras.

Rem. Proof very different from Rieffel’s case. It uses
pseudo-differential operator theory, representation theory,
symmetric spaces theory, wavelet analysis.
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The formula

1 i
U*9V(X) = ‘gdlmG/G c ‘Jva)(X,y,Z)‘l/z e’ ﬁp(xvy’z)wu(y) V(Z) dy dz
X

extends from D(G) to
xo : L2(G) x L*(G) — L*(G)
as a G-equivariant associative Hilbert algebra structure:

Hilbert-Schmidt operators on irreducible unitary mass
representation of G.
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The formula

1 i
U*9V(X) = ‘gdlmG/G c ‘Jach(X,y,Z)‘l/z e’ ﬁp(xvy’z)wu(y) V(Z) dy dz
X

extends from D(G) to
xo : L2(G) x L*(G) — L*(G)
as a G-equivariant associative Hilbert algebra structure:

Hilbert-Schmidt operators on irreducible unitary mass
representation of G.

THANK YOU VERY MUCH!
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