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Universal Deformation Formula = tool that deforms objects (e.g.
alegbras) from their symmetries.
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Example
G : Lie group

?ν = left-invariant formal star product on G

µ0 : C∞(G )[[ν]]⊗ C∞(G )[[ν]]→ C∞(G )[[ν]] : f1 ⊗ f2 7→ f1.f2

f1 ?ν f2 = µ0

(
f1 ⊗ f2 +

∞∑
k=1

νk F̃k(f1 ⊗ f2)

)

Fk ∈ U(g)⊗ U(g)

Drinfel’d: F = I +
∑∞

k=1 ν
kFk ↔ ?ν(F )

(∆⊗ 1)(F ).(F ⊗ 1) = (1⊗∆).(1⊗ F )
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Application M: differential manifold

τ : G ×M → M : (g , x) 7→ τg (x)

⇒ α : G × C∞(M)→ C∞(M) : αg (u) = u ◦ τ?g−1

U(g)× C∞(M)→ C∞(M) : Xα(u) :=
d

dt
|0αexp(tX )(u)

µ0

(
u ⊗ v +

∞∑
k=1

νkFαk (u ⊗ v)

)
=: u ?αν v

Prop. : ?αν is a star product on M
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More generally: F : formal Drinfel’d twist based on U(g)

(A, µA) associative algebra

U(g)× A→ A module algebra action

⇒ µFA(a⊗ b) := µA(F (a⊗ b))

is associative product on A[[ν]]
U(g) does not act on AF := (A[[ν]], µFA)
but

U(g)F := (U(g)[[ν]] , . , ∆F := F−1∆F )

does (as a Hopf-algebra–quantum group).
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Problem: A: C ?-algebra, Fréchet algebra, etc... then AF is only
formal.

Non-formal version?
Seeking for non-formal star product on G

u ?θ v := µ0

∫
G×G

Kθ(x , y) R?x ⊗ R?y dx dy

where
Rx(g) = gx

[θ 7→ Kθ] ∈ C∞(R,D′(G × G ))
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M. Rieffel [Mem AMS. 94’]

G = ( R2n, ω = dpi ∧ dqi )

S(x , y , z) := 4 Symplectic Area( Triangle(x , y , z) )

Kθ(x , y) =
1

θ2n
e

i
θ
S(0,x ,y)

(A, µA) : Fréchet algebra α : R2n × A→ A : Action

A∞ = {a ∈ A | [R2n → A : x 7→ αx(a)] ∈ C∞(R2n,A)}

Then:

a ?αθ b :=
1

θ2n
µA

∫
R2n×R2n

e
i
θ
S(0,x ,y) αx(a) ⊗ αy (b) dx dy

?αθ : A∞ × A∞ → A∞ Fréchet algebra
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If A is C ?-algebra then (A∞ , ?αθ ) is pre-C ?-algebra

Aθ = C ? − completion (A∞ , ?αθ )

then
{Aθ}θ∈R continuous field of C ?-algebras

Example: NonCommutative Torus T2
θ

U V = e iθ V U

Example: NC Möbius strip (dedicated to Chiara, Alberto and
Xiang)
M = G/Gσ G = SO(2) nR2 σ(e it , a, b) = (e it ,−a, b).
⇒ τ : R2 ×M→M ⇒ α : R2 × C0(M)→ C0(M)
Poisson structure: {f , g} = µ0(dα∂p ∧ dα∂q(f ⊗ g))
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Example: NC Möbius strip (dedicated to Chiara, Alberto and
Xiang)
M = G/Gσ G = SO(2) nR2 σ(e it , a, b) = (e it ,−a, b).
⇒ τ : R2 ×M→M ⇒ α : R2 × C0(M)→ C0(M)
Poisson structure: {f , g} = µ0(dα∂p ∧ dα∂q(f ⊗ g))

Pierre Bieliavsky Universal Deformation Formulae



If A is C ?-algebra then (A∞ , ?αθ ) is pre-C ?-algebra

Aθ = C ? − completion (A∞ , ?αθ )

then
{Aθ}θ∈R continuous field of C ?-algebras

Example: NonCommutative Torus T2
θ

U V = e iθ V U
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Triple (M, µ,S) where
(M, µ) : Topological measured space

S : M ×M ×M → R continuous
such that :

(i) S(x , y , z) = S(z , x , y) = −S(y , x , z)

(ii) For all m, x , y , z ∈ M,

S(x , y , z) = S(x , y ,m) + S(y , z ,m) + S(z , x ,m)

(iii) for all x ∈ M, ∃ µ-preserving homeomorphism sx : M → M
such that :

S(x , y , z) = −S(x , sx(y), z) ∀y , z ∈ M.
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u ? v(x) =

∫
M×M

e iS(x ,y ,z) u(y) v(z) µ(y) µ(z) .

x z

y

• •
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JĴ

JJ
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= S(x , y , z).

u ? v(x) =

∫
M×M

exp i(

x

y

z

•

•
• ?*
YHH
�
�

) u(y) v(z) µ(y) µ(z)
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Volume preserving homeomorphism ϕ : (M, µ)→ (M, µ) such that
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Any continuous path joining a to c contains such a point g .
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JĴ

JJ

= —

�
�
�
�
�
�
�@

@
@
@
@
@
@

�

	

�

-

R

I

•

•

•

•

•

d c

ba

c
+

�
�
�
�
�
�
�@

@
@
@
@
@
@

	

�

6
?

I

R

•

•

•

•

•

d c

ba

c

Any continuous path joining a to c contains such a point g .

Pierre Bieliavsky Universal Deformation Formulae



�
�
�
�
�
�
�@

@
@
@
@
@
@

�

	

�

-

R

I

•

•

•

•

•

d c

ba

a
—

�
�
�
�
�
�
�@

@
@
@
@
@
@

	

�

6
?

I

R

•

•

•

•

•

d c

ba

a
=

a d

c

• •

•

�

�


JĴ
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Fix S-barycenter g for {a, b, c , d}.

x g

y

• •

•

�

�


JĴ
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= x y• •- .
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Property (iii):

x z

y

• •

•

�

�


JĴ
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x y• •- = x sg (y)• •�
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Barycentric property of g :
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Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.

Pierre Bieliavsky Universal Deformation Formulae



Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.

Pierre Bieliavsky Universal Deformation Formulae



Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.

Pierre Bieliavsky Universal Deformation Formulae



Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK

G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.

Pierre Bieliavsky Universal Deformation Formulae



Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.

Pierre Bieliavsky Universal Deformation Formulae



Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.

Pierre Bieliavsky Universal Deformation Formulae



Non-Abelian groups [Bieliavsky-Gayral, Mem. AMS. 15’]

D = L/K homogeneous complex bounded domain in Cn

e.g. Hyperbolic plane

Iwasawa decomposition L = ANK G := AN

G = Fedosov G −manifold (G , ω,∇)

∀x ∈ G : sx : G → G geodesic symmetry

Prop: ∀x , y , z ∃!ξ ∈ G s.t. sxsy sz(ξ) = ξ

Φ : G×G×G → G×G×G : (x , y , z) 7→ ( ξ , sz(ξ) , sy sz(ξ) ) diffeo.
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S(x , y , z) :=

∮
Φ(x ,y ,z)

ω

Kθ(x , y) =
1

θdimG
|JacΦ(e, x , y)|1/2 e

i
θ

∮
Φ(e,x,y) ω

⇒

UDF actions of G on Fréchet or C ?-algebras.

Rem. Proof very different from Rieffel’s case. It uses
pseudo-differential operator theory, representation theory,
symmetric spaces theory, wavelet analysis.
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UDF actions of G on Fréchet or C ?-algebras.

Rem. Proof very different from Rieffel’s case. It uses
pseudo-differential operator theory, representation theory,
symmetric spaces theory, wavelet analysis.

Pierre Bieliavsky Universal Deformation Formulae



S(x , y , z) :=

∮
Φ(x ,y ,z)

ω

Kθ(x , y) =
1

θdimG
|JacΦ(e, x , y)|1/2 e

i
θ

∮
Φ(e,x,y) ω

⇒

UDF actions of G on Fréchet or C ?-algebras.
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The formula

u?θv(x) :=
1

θdimG

∫
G×G

|JacΦ(x , y , z)|1/2 e
i
θ

∮
Φ(x,y,z) ωu(y) v(z) dy dz

extends from D(G ) to

?θ : L2(G )× L2(G )→ L2(G )

as a G -equivariant associative Hilbert algebra structure:

Hilbert-Schmidt operators on irreducible unitary mass
representation of G.

THANK YOU VERY MUCH!
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