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“Mathematics is the art of the perfect, 
physics is the art of the optimal, 

and biology is the art of the satisfactory.” 
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Living cells deploy many resources to sense their environments,
including receptors, downstream signaling molecules, time, and
fuel. However, it is not known which resources fundamentally
limit the precision of sensing, like weak links in a chain, and which
can compensate each other, leading to trade-offs between them.
We present a theory for the optimal design of the large class of
sensing systems in which a receptor drives a push–pull network.
The theory identifies three classes of resources that are required
for sensing: receptors and their integration time, readout mole-
cules, and energy (fuel turnover). Each resource class sets a funda-
mental sensing limit, which means that the sensing precision is
bounded by the limiting resource class and cannot be enhanced
by increasing another class—the different classes cannot compen-
sate each other. This result yields a previously unidentified design
principle, namely that of optimal resource allocation in cellular
sensing. It states that, in an optimally designed sensing system,
each class of resources is equally limiting so that no resource is
wasted. We apply our theory to what is arguably the best-charac-
terized sensing system in biology, the chemotaxis network of
Escherichia coli. Our analysis reveals that this system obeys the
principle of optimal resource allocation, indicating a selective pres-
sure for the efficient design of cellular sensing systems.
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Biochemical networks are the information-processing devices
of life. Like any device, they require resources to be built and

run. Components are needed to construct the network, space is
required to accommodate the components, time is needed to
process the information, and energy is required to make the
components and operate the network. These resources constrain
the design and performance of any biochemical network. How-
ever, it is not clear which resources are indispensable, thus
fundamentally limiting the performance of the network, and
which resources might trade-off against each other. Here, we
consider the interplay among cellular resources, network design,
and performance in a canonical biochemical function, namely
sensing the environment.
Living cells can measure chemical concentrations with extra-

ordinary precision (1–3), raising the question what sets the funda-
mental limit to the accuracy of chemical sensing (1). Cells measure
chemical concentrations via receptors on their surface. These
measurements are inevitably corrupted by noise that arises from the
stochastic arrival of ligand molecules by diffusion and from the
stochastic binding of the ligand to the receptor. Berg and Purcell
pointed out that the sensing error is fundamentally bounded by this
noise extrinsic to the cell, but that cells can reduce the error by
taking multiple independent measurements (1). One way to in-
crease the number of measurements is to add more receptors (1, 4).
Another is to take more measurements per receptor over time;
here, the cell infers the concentration not from the instantaneous
number of ligand-bound receptors, but rather from the average
receptor occupancy over an integration time T (1, 4–11).
This time integration has to be performed by the signaling

networks that transmit the information from the surface of the
cell to its interior (10). Although the work of Berg and Purcell
and subsequent studies identify time and the number of receptors

as resources that limit the accuracy of sensing, the fundamental
limits that have emerged ignore the cost of making and operating
the signaling network. Making proteins is costly; producing
proteins that confer no benefit to the cell can slow down bac-
terial growth (12). Moreover, many networks are driven out of
thermodynamic equilibrium by the continuous turnover of fuel
molecules such as ATP, leading to the dissipation of heat (13–
17). In fact, one can estimate that the fuel needed to operate
a sensory network is comparable to that to make new com-
ponents after cell division (SI Text).
In this manuscript, we present a theory for the optimal design

of sensing systems, which maximizes sensing precision given the
available cellular resources. The theory applies to the large
class of sensing systems in which a receptor drives a Goldbeter–
Koshland push–pull network (18). These systems are ubiquitous in
prokaryotic and eukaryotic cell signaling (19): examples include
GTPase cycles, as in the Ras system, phosphorylation cycles, as in
MAPK cascades, and two-component systems like the chemotaxis
system of Escherichia coli.
We derive for this class of systems how the sensing accuracy

depends on not only the number of receptors and their integra-
tion time, but also on the resources required to build and operate
the downstream signaling network: the copies of signaling mole-
cules and fuel. This allows us to address the following questions:
How do the sensing limits set by the latter resources compare with
the canonical limit of Berg and Purcell, which is set by the
resources time and the number of receptors? How does the limit
set by one resource depend on the levels of the other resources?
Can resources compensate each other to achieve a desired sensing
precision, leading to trade-offs between them, or are the limits set
by the respective resources fundamental, i.e., independent of the
levels of the other resources? In addition, what do these rela-
tionships imply for the optimal design of a system that maximizes
sensing precision?

Significance

Cells continually have to sense their environments to make
decisions—to stay put or move, to differentiate or proliferate,
or even to live or die. However, they are thwarted by noise at
the cellular scale. Cells use signaling networks to filter this
noise as much as possible and sense accurately. To operate
these networks, resources are required: time, protein copies,
and energy. We present a theory for the optimal design of
cellular sensing systems that maximize sensing precision given
these resources. It reveals a new design principle, namely that
of optimal resource allocation. It describes how these resources
must be allocated so that none are wasted. We show that the
chemotaxis network of Escherichia coli obeys this principle.
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Limiting resources must be shared

mRNAs share ribosomes

proteins share proteasomes

ligands share receptors
receptors share ligands



How do cells share 
limited resources?

Leticia Galera



Sharing in concentration



Sharing RNAP by alternative sigma factors in bacteria

nutrient starvation
energy deprivation

physicochemical stresses



PsigB-YFP

60 μg/ml mycophenolic acid

[Locke et al, Science, 2011]

σB activity pulses in response to energy stress



Other alternative sigma factors pulse

Jin Park



40 μg/ml mycophenolic acid in minimal medium

Other alternative sigma factors pulse



Sigma factors compete for available RNA polymerase

σB induction σB induction

σW response σD response



Mathematical model of multiple sigma factors sharing RNAp

Marta
Dies



Only one sigma factor is active most of the time 
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Pairwise cross-correlation of sigma factor activities

cross-correlation 
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Long-term sigma-factor dynamics

Park et al, Cell Systems 6, 216 (2018)



Anticorrelated dynamics of sigma factor pairs

Park et al, Cell Systems 6, 216 (2018)



Anticorrelated dynamics of sigma factor pairs

cross-correlation matrix

Park et al, Cell Systems 6, 216 (2018)
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Bacterial biofilm (Bacillus subtilis)



A microfluidics chip for 2D biofilm monitoring
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A metabolic negative feedback

Figure 3: Liu et al.
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Growth-rate oscillations

Liu et al, Nature 523, 550-554 (2015)
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Mathematical metabolic model

Figure 3: Liu et al.
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II. Mathematical model of metabolic codependence 
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Figure 3: Liu et al.
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A delay-differential model
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The fixed point becomes unstable for strong feedback
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fixed point:

characteristic equation:
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The system exhibits a Hopf bifurcation

Hopf bifurcation condition:

In our case:

1

�

dx

dt
= ef(x(t� ⌧))� x(t) =) xn+1 = ef(xn)
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ef(x) = eC � e↵x
1� x2 + x4

, with eC =
C

�
, e↵ =

↵
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Hopf bifurcation

subcritical Hopf 
bifurcation

supercritical Hopf 
bifurcation



The Hopf bifurcation is subcritical

Limit cycle:

In our case:

1

�

dx

dt
= ef(x(t� ⌧))� x(t) =) xn+1 = ef(xn)
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subcritical Hopf 
bifurcation

xn = ef( ef(xn)) =) xn = exs +
p
�a⇤/b
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a = � efxx ef↵ � 2 efx↵

b = �1

2
ef 2
xx � 1

3
efxxx

⇤ = e↵� e↵c
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a > 0, b > 0
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The Hopf bifurcation is subcritical
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Consequences

1. Oscillations start when the 
biofilm reaches a critical size

2. Oscillations can be triggered 
before the critical size by 
perturbing the system 
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1. Oscillations start when the biofilm reaches a critical size

Jintao Liu



Consequences

1. Oscillations start when the 
biofilm reaches a critical size

2. Oscillations can be triggered 
before the critical size by 
perturbing the system 
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As the biofilm size increases, it’s easier to trigger oscillations
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Experimental validation

⌧

⌧

no oscillation

oscillation

feedback delay (τ)biofilm size

st
re

ss
 re

po
rte

r

st
re

ss
 re

po
rte

r

Martinez-Corral et al 
bioRxiv (2018)



C

C

Model Experiments

Experimental validation
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Arthur
Prindle

Thioflavine T (ThT)

Stress oscillations



membrane potential ~ 
-150 mV

+
Thioflavine T 

(ThT)

(intracellular ThT 
signal is high when 

cell is hyperpolarized)

ThT is positively charged and cells are negatively polarized



Comparison with a standard voltage-sensing dye



ThT oscillations reflect membrane potential oscillations

+
Thioflavine T (ThT)

(high when cell is hyperpolarized)



Membrane potential modulates nutrient uptake

glutamate uptake is increased if the cell hyperpolarizes

GltP 

glutamate 2 x H+

membrane  
potential ~ -150 mV

- -



Potassium is involved in the membrane potential oscillations

Na+ K+ 

potassium dye sodium dye



Potassium is concentrated inside the cell

300 mM K+

8 mM K+



Potassium is released via a stress-gated ion channel

glutamate 
decrease



Potassium is released via a stress-gated ion channel

channel 
opens
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Potassium is released via a stress-gated ion channel
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Potassium release hyperpolarizes the cell
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Hyperpolarization allows glutamate uptake again
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Comparison with experiments

Model Experiment

Prindle et al, Nature 527, 59 (2015)



A bucket brigade of potassium



Active propagation of potassium

Prindle et al, Nature 527, 59 (2015)



Propagating dynamics of the extracellular potassium



A combined metabolic-electrochemical model
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Can electrical signaling couple entire populations?

?



Two biofilms coexisting within the same chamber

Liu et al, Science 356, 638 (2017)



Synchronization via electrical coupling

Liu et al, Science 356, 638 (2017)
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But biofilms are also coupled through nutrient sharing



Oscillator frequency and glutamate consumption

d✓i
dt

= !0 +�!(G, ✓i)

stress
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Intrinsic frequency:
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8
<

:
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1 +G/k!
cos ✓i if stress is increasing
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Communication and competition between coupled biofilms

Communication strength:

d✓i
dt

= !0 +�!(G, ✓i) +K(G) sin (✓j � ✓i)

dG
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competition competition
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Liu et al, Science 356, 638 (2017)



Validation: competition promotes anti-phase dynamics
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Summary of perturbations



Experimental validation

Liu et al, Science 356, 638 (2017)



Two different sharing strategies



Effect of timeshare on average growth: experiments

Liu et al, Science 356, 638 (2017)



Phase difference accounts for all growth results

Liu et al, Science 356, 638 (2017)



Summary

• Bacterial biofilms undergo growth and stress 
oscillations driven by delayed negative feedback

• The transition to oscillations is discontinuous

• Stress is communicated via electrical signaling

• Electrical signals extend outside the population

• Synchronization between biofilms mediates 
time-sharing of limited resources
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