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Null geodesics and scattering
(Md ,g) = space-time with Lorentzian metric g which

I is Globally hyperbolic, asymptotically flat/de Sitter
I has conformal compactification M̃ = M ∪I + ∪I −,
I null geodesics end on I − in past and I + in future.

Scattering thru M gives symplectic maps for
I null geodesics T ∗I − → T ∗I +

I Gravitational field data on I − to data at I +.
Ambitwistor strings gives formulae:

Gravity S-matrix = 〈Hamiltonians for light ray scattering〉string
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Conformal scattering and gravity tree S-matrix

I Pose asymptotic data gin:
resp. ± frequency at I ±.

I Solve for g on M s.t. ± freq.
parts at I ± agree with gin.

I S-matrix is functional of gin

S[gin] = SEH [g] :=
1
κ2

∫
M

R d vol+bdy term.

I generating fn g∓|I ± = ∂S/∂g±in .
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Object: Compute/study S as a functional on the gravitational
phase space P of data at I .



Geometry of I
In 4-dims:

I I = S2 × R = light cone of origin under inversion.
I Coordinatise Sd−2 = {pµ|p2 = 0,pµ ∼ αpµ}, µ = 0, . . . ,3

and R-factor by u with scaling

I = {(u,pµ)|p2 = 0}/{(u,pµ) ∼ (αu, αpµ)}.

So vertex is u =∞ (inverted from pµ/u).
I Flat space lightcone of xµ ∈ M, intersects I at:

Framework extends simply to all dimensions.



Gravitational phase space P
[Ashtekar 1981]

Choose coords with pµ = (1, ζ, ζ̄, ζζ̄) and space-time
coordinates (R,u, ζ, ζ̄) with R = 1

r = 0 on I so that metric is

R2ds2 = dudR + dζdζ̄ + R(σdζ2 + c.c.) + O(R2) .

I gravity data is shear σ(u, ζ, ζ̄)dζ2.
I Finite mass⇔ ∂uσ ∈ L2

I .
I Supertranslations u → u + f (ζ, ζ̄) act by:

σ → σ + ∂2
ζ f .

I Symplectic structure Ω(σ, σ′) =
∫
I (σ̄∂uσ

′ + c.c.)dud2ζ .

Scattering σI − → σI + determined by δS[σ]/δσ.



The perturbative S-matrix
Usually evaluate S-matrix perturbatively

I Pose data σin =
∑n

i=1 εiσi |I , and solve for g on M.
I For Einstein

SEG[g] =
1
κ2

∫
M

R d vol +

∫
∂M

K d vol∂M ,

and (tree) S-matrix is

M(g1, . . . ,gn) = Coeff of
∏

i εi in SEG[g]

Use Fourier modes for gj : gjµν = ξjµξjνeikj ·x .
I momentum kj , k2

j = 0.
I polarization data satisfies

k · ξ = 0 , ξ ∼ ξ + αk .

For n-particle scatteringM(1, . . . ,n) =M(k1, ξ1, . . . , kn, ξn).

Compute by Feynman diagrams or ambitwistor-strings.



Ambitwistors
Ambitwistor spaces: spaces of complex null geodesics A.

I Extends Penrose/Ward’s gravity/Yang-Mills
twistor constructions to non-self-dual fields.

I Yang-Mills Witten and Isenberg, et. al. 1978, 1985.
I Conformal and Einstein gravity LeBrun [1983,1991]

Baston & M. [1987] .

Ambitwistor Strings (strings at α′ = 0 for field theories):
I Twistor-string for N = 4 Yang-Mills [Witten, Roiban, Spradlin, Volovich, 2003/4].
I N = 8 supergravity [Cachazo, Geyer, Skinner, M., 2012], [Skinner, 2013]

I Tree S-Matrices in all dimensions for gravity, YM etc. [CHY]

I From strings in ambitwistor space [M. & Skinner 2013] ; vast
generalization of original twistor-string; many theories &
dimensions (i.e., Einstein-YM, DBI, BI, NLSM).

I Gives worldsheet version of soft theorems↔ BMS without
Ward identities at I (in contrast with Strominger et. al.).
[Geyer, Lipstein, M 1406.1462.]



Geometry of ambitwistor space

Complexify: real d-diml space-time (MR,gR) ; (M,g).

I A := space of scaled complex null geodesics.
I For (Pµ,X ν) ∈ T ∗M let D0 := P · ∇ = geodesic spray.

A = T ∗M|P2=0/{D0}

I D0 has Hamiltonian P2 wrt symplectic form ω = dPµ ∧ dxµ.
I Symplectic potential θ = Pµdxµ, ω = dθ, descend to A.

Study with double fibration

T ∗M|P2=0

q ↙ D0 ↘
A M .



LeBrun correspondence

Projectivise: PA := space of unscaled complex light rays.
I On PA, θ defines a holomorphic contact structure.

Theorem (LeBrun 1983)
The complex structure on PA determines M and conformal
metric g. The correspondence is stable under arbitrary
deformations of the complex structure of PA that preserve θ.
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Linearized LeBrun correspondence
θ determines complex structure on PA via θ ∧ dθd−2. So:

Deformations of complex structure ↔ [δθ] ∈ H1
∂̄

(PA,L) .

Key example: On flat space-time, set δgµν = eik ·xεµν then

δθ = δ̄(k · p)eik ·q/wεµνpµpν ,

where δ̄(z) = ∂̄ 1
2πiz .

I Dolbeault form of Penrose’s scattering Hamiltonian for null
geodesics from I − to I +,

δθ = ∂̄h, h = eik ·q/w εµνpµpν

k · p
=

∫
γ
δgµνpµpνds

I h = gravitational Wilson-line (Hamilton-Jacobi fn for null
geodesic scattering T ∗I − → T ∗I +).

I Support on k · p = 0⇒ the scattering equations.



Ambitwistor strings
Take Riemann surface Σ 3 σ, want holomorphic maps Σ→ A.

I Let Xµ(σ) : Σ→ M, Pµ ∈ T ∗X M ⊗ Ω1,0
Σ .

S =

∫
Pµ∂̄Xµ − e PµPµ/2 .

with e ∈ Ω0,1 ⊗ T , T = T 1,0Σ.
I e ; P2 = 0,
I gauge: δ(X ,P,e) = (αP,0,2∂̄α).

Solutions mod gauge are holomorphic maps to

A = T ∗M|P2=0/{gauge}.

For gravity must add type II worldsheet susy SΨ1 + SΨ2 where

SΨ =

∫
Σ

Ψµ∂̄Ψµ + χP ·Ψ .
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Gravity Vertex operators and CHY
I NS sector of type II SUGRA δgµν + δBµν = ε1µε2νeik ·x gives

Vi =

∫
Σ
δθ

=

∫
Σ

eik ·q/w δ̄(k · p)
2∏

r=1

εrµ(pµ + Ψµ
r k ·Ψr ) ,

=

∮
eik ·q/w

k · p

2∏
r=1

εrµ(pµ + Ψµ
r k ·Ψr ) .

contour around k · p = 0 last equality from δ̄(k · p) = ∂̄ 1
k ·p .

I There are also 2 fixed vertex operators Ui needed.
I Key result: Correlator gives CHY gravity formula:

〈U1U2V3 . . .Vn〉string =

∫
PflPfr

vol SL2 × C3

n∏
i=1

δ̄(ki · P(σi))dσi



The scattering equations
Take n null momenta ki ∈ Rd , i = 1, . . . ,n, k2

i = 0,
∑

i ki = 0,
I define P : CP1 → Cd

P(σ) :=
n∑

i=1

ki

σ − σi
, σ, σi ∈ CP1

σ1

σ2

σn .

I Solve for σi ∈ CP1 with the n scattering equations [Fairlie 1972]

Resσi

(
P2
)

= ki · P(σi) =
n∑

j=1

ki · kj

σi − σj
= 0 .

⇒ P2 = 0 ∀σ.
I For Mobius invariance⇒ P ∈ Cd ⊗ Ω1,0CP1

I There are (n − 3)! solutions.
Arise in large α′ strings [Gross-Mende 1988] & twistor-strings [Roiban, Spradlin,

Volovich, Witten 2004].



Amplitude formulae for massless theories.
Proposition (Cachazo, He, Yuan 2013,2014)
Tree-level massless amplitudes in d-dims are integrals/sums

Mn = δd

(∑
i

ki

)∫
(CP1)n

I lI r ∏
i δ̄(ki · P(σi))

Vol SL2 × C3

where I l/r = I l/r (ε
l/r
i , ki , σi) depend on the theory.

I polarizations εli for spin 1, εli ⊗ εri for spin-2 (ki · εi = 0 . . . ).

I Introduce skew 2n × 2n matrices M =

(
A C
−Ct B

)
,

Aij =
ki · kj

σi − σj
, , Bij =

εi · εj
σi − σj

, Cij =
ki · εj
σi − σj

, for i 6= j

and Aii = Bii = 0, Cii = εi · P(σi).
I For Yang-Mills, I l = Pf ′(M), I r =

∏
i

1
σi−σi−1

.
I For Gravity I l = Pf ′(M l), I r = Pf ′(M r ).



Ambitwistors at I : A = T ∗I
I I = light cone coordinatised with pµ

u null (vertex u =∞)

I = {(u,pµ)|p2 = 0}/{(u,pµ) ∼ (αu, αpµ)}.
I Let (w ,qµ) be momenta for (u,pµ), so

θ = w du − qµ dpµ .

I Scaling α acts by (w ,qµ) ∼ (w/α,qµ/α), generated by

wu − p · q.
I Hamiltonian quotient wu − p · q = 0 ; original model by

u = pµxµ , xµ = qµ/w , Pµ = w pµ.

gives incidence:



Ambitwistor strings at I

I For gravity must include SUSY with Fermionic Ψµ
r , r = 1,2

θ = w du − qµ dpµ + Ψµ
r dΨrµ .

with supersymmetries generated by w p ·Ψr .
I Worldsheet action gauges constraints p2 = wu − p · q = 0:

S =

∫
Σ

w ∂̄u−qµ ∂̄pµ+Ψµ
r ∂̄Ψrµ+ep2+a(wu−p·q)+χr wp·Ψr .

I Usual string proposal

M(g1, . . . ,gn) =

∫
D[u,q,p, . . .]V1 . . .Vn eiS =: 〈V1 . . .Vn〉

where Vi = vertex operators = δθ ↔ δgµν etc..



Action of BMS

For us BMS group are diffeos of I consisting of
I Supertranslations

(u,pµ)→ (u + f (p),pµ) .

reducing to translations if f (p) = aµpµ.
I Rotations generated by rµν = r[µν], i.e., δpµ = −rνµpν .
I Super-rotations when rµν(p) depends on p of weight 0.

On A these are respectively generated by Hamiltonians

Hf = w f (p) , Hr = rµν(pµqν + wΨµ
r Ψν

r )

I Superrotations that are not rotations are never symmetries.
I Supertranslations are only symmetries in dimension d = 4.



Diffeomorphisms of A and worldsheet charges
Hamiltonian diffeos of A generated by Hamiltonian
h(u,pµ,w ,qµ) represented by worldsheet charges

Qh =

∮
h

I Vertex operators are examples that arise from

h =
eik ·q/w

k · p

2∏
r=1

εrµ(pµ + Ψµ
r k ·Ψr )

diffeo that corresponds to I − → I + scattering.
I Supertranslations and (super)-rotations

Qf =

∮
w f (p) , Qr =

∮
rµν(p)Jµν

where
Jµν = (p[µqν] + wΨµ

r Ψν
r )

is the angular momentum operator incorporating spin.



Subleading soft theorems

Theorem (Low, Weinberg, Cachazo, Strominger, . . .)
Let kn+1 = s → 0 and expand in s. We have

M(1, . . . ,n + 1)→ (S0 + S1 + . . .)M(1, . . . ,n) ,

where

S0 =
n∑

a=1

(ε · ka)2

s · ka
, S1 =

εµνkµa sλJλνa
s · ka

, S2 =
εµν(sλJλµa )(sρJ

ρν
a )

s · ka
.

Jµν is the angular momentum operator incorporating spin.



Subleading soft theorems from the worldsheet
I In ambitwistor string, expand the vertex op Vn+1 = Vs in s:

Vs =

∮
w eis·q/w

s · p

2∏
r=1

εrµ(pµ + iΨµ
r Ψr · s)

= V 0
s + V 1

s + V 2
s + V 3

s + . . . .

where V 0
s =

∮
w (ε·p)2

s·p ,

V 1
s =

∮
ε · p
s · p

εµsν
(

p[µ qν] + w
2∑

r=1

ΨrµΨrν

)
=

∮
ε · p
s · p

εµsνJµν .

I V 0
s generates super-translation and V 1

s super-rotations

f (p) =
(ε · p)2

s · p
, rµν(p) =

ε · oε[µsν]

s · p
I Proof: {residue at s ·p = 0} = {

∑
residues at σs−σi = 0}.

I Slogan: Soft graviton = supertrans. + superrotation + . . ..
I At higher order ; diffeo of T ∗I not lifted from I .



Summary
I Gravity vertex operators = generators of diffeos of A for

null geodesic scattering through space-time.
I These are essentially gravitational ‘Wilson lines’.
I On-shell condition is quantum worldsheet consistency.
I In soft limit: gravity vertex op→ gen. BMS generator.
I Our BMS is not symmetry; always singular even in 4d.
I Distinction from Strominger et. al.:

I they use Ashtekar Fock space & divide gravitons into hard
and soft parts, obtain soft theorem as Ward identity.

I We re-interpret worldsheet gravity vertex op as singular
diffeo; these are not symmetries, no Ward identity.

I Appropriate 2d CFT for Strominger argument is that of
ambitwistor string!

I Manifests BCJ double copy, YM vs GR.
Outlook

I Similar story at horizons?
I definitions on curved backgrounds, cf [ Adamo, Casali & Skinner 2014]

and recent work [Adamo, Casali, M. & Nekovar 2017-8].



The end

Thank You!


