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Subject of the talk

We analyse symmetries
in electromagnetism
and Yang-Mills theory
using Hamiltonian formalism

in the null foliation
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@ Infrared structure of gauge theories

® Hamiltonian analysis of electromagnetism in the null foliation
©® New symmetry generator; Beyond U(1)

O Extension to Yang-Mills theory

@ Discussion
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Infrared structure of gauge theories

IR region of theories with massless particles in asymptotically flat spaces
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Infrared structure of gauge theories

Motivation

e Hamiltonian treatment of asymptotic symmetries

- BMS symmetry — infinite-dimensional asymptotic symmetry at the null
boundary of 4D asymptotically flat spacetimes

e Celestial holography
- Duality between massless 4D asymptotically flat spacetimes and 2D CFT on
the celestial sphere

e Asymptotic symmetries in electromagnetism and Yang-Mills theory

- 2D realization of soft symmetries in electromagnetism

- Extension to Yang-Mills theory
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Infrared structure of gauge theories

Vacuum degeneracy in gauge theories (w — 0)

< Enhancement of symmetries at the boundary of flat spacetime (r — o)

¢ Goldstone modes, dominant low-energy excitations

e Vacuum state 37 [A) = |A+y) & b|A) =y

= Interest in boundary dynamics of massless particles
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Infrared structure of gauge theories

What to expect at the null infinity?
e Realisation of a canonical analysis in a null foliation

e The induced metric on a null hypersurface is degenerate

e Double-null foliation = 2 + 2 formalism in GR, complicated symplectic
structure, difficult to quantize

e Ashtekar variables in GR, simpler symplectic structure, but still difficult to
quantize

Peculiarities of the light-front dynamics in the Minkowski space

- . 0 3
e Light-cone coordinates x* = X\%X

¢ Increased number of isometries of the surface u = const. compared to
t = x9 = const. (one more because of degenerated direction)

: Time coordinate v = x~

¢ Dispersion equation for a massive scalar

132 2
p? = m? éEnergyE:pfz(pz)%

= Consequences: p™ > 0 and trivial physical vacuum, phe=0
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Infrared structure of gauge theories

¢ Nontrivial effects on the light front are contained in the zero modes

¢ Boundary conditions in the light front formalism
o Light-cone actions are first order in velocities
Kinetic term T = —1 (3¢)* = g — (V. ¢)?
= The canonical momentum 7T = d_ ¢ is not invertible
% New constraint Y =m—d;¢p ~0
% It does not commute with itself, {x(x), x(x")},_, = —2016(x —x')
= Reduction of the phase space: elimination y =0

¢ Global zero mode in massless theories

- A massless particle worldline is parallel to the light front hypersurface, not
determined by the initial data

- It has vanishing energy, E = p~ — 0, p- = 0 (soft particles)
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Global zero mode

global

zero mode
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Hamiltonian analysis of electromagnetism in the null

foliation

Null foliated reference frame
e Minkowski metric in D = 4 in the spherical coordinates (¢, r,yA)
My: ds? = —dt? +dr? + r2d0?
$%:  dO? = 74p(y) dy”dy®

e Time coordinate u=t—er, —-1<e<1

. ““

Z N

3."%!
e AN S
<Z l«/ll =

e=1 retarded time
e=0 proper time of a massive particle
€ = —1 advanced time

e Coordinates on S2: stereographic projection 0, ¢) — yA = (z,2)

z:ei‘/’cotg, 2:e_i"’cot%
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Hamiltonian analysis of electromagnetism in the null

foliation

e Minkowski metric g, in the coordinates x* = (u, r,y"):

<x

ds? = —du? — 2edudr + (1 — €?) dr? + r?dQ?

Jacobian /g = rQﬁ

e 52 metric in the complex coordinates

—_ 0 722 >
’YAB ( ’)’22 0

2
VY =22 = a5y
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Hamiltonian analysis of electromagnetism in the null

foliation

e Electromagnetic action in the background g,

1A = — % [d*x JaFI'Fy, (Fuv = 3 Ay — 3y Ay)

e Canonical momenta ¥ = —61—2 Vo Fut
In components: T =0 A, X
2
o= 27 ﬂFur
== V1P (@ —1)Fp —cFg] A 7

e The limit €2 — 1 is discontinuous

e The action in the light-cone (¢2 = 1) has an additional constraint
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Hamiltonian analysis of electromagnetism in the null

foliation

In the Bondi reference frame (e = 1)

e Primary constraints |71Y ~0, xA=en? -2 vaBFB ~0

e Total Hamiltonian

2 r 2~ A ~ .
Hr = 2,(27?[) + egn% + 4!22 FABFAB — Ayt + Ayt +)\AXA

- Hamiltonian multipliers A,, Ay, A4 incorporate constraints

e Matching conditions

- Two Hamiltonians on the future (¢ = +1) and past (€ = +1) light cones
satisfy the antipodal matching conditions near the boundary /9:

Hrly-=Hrlg-
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Hamiltonian analysis of electromagnetism in the null

foliation

Auxiliary symplectic matrix

{XA(X),XB(X/)} — QAB(X,X/) = _%ﬂ,YABar(SG)

o If OAB is not invertible: x are first class (generate symmetries)

o If OAB is invertible: x* are second class (eliminate redundant fields)
One possibility

e OAB s invertible because YA is invertible = x” are second class

e Reduced phase space XA =0

Second possibility
e 048 s invertible, but its inverse is not unique

- OAB is infinite-dimensional matrix and it has zero modes
JEB3XOABVL = —26 /9 4B0, Vg =0 = Vg = Vg(y)
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Hamiltonian analysis of electromagnetism in the null

foliation

Symplectic matrix

{XA(X)VXB(X/)} — OB (x,x') = _gﬁ,YABard(S)

o If OAB _invertible: x* are first class (generate symmetries)

o If OAB - not invertible: x# are second class (eliminate redundant fields)
One possibility

e OAB s invertible because 'yAB is invertible = XA are second class

e Reduced phase space XA =0
Other possibility

o OAB is invertible, but its inverse is not unique

e OAB is infinite-dimensional matrix and it has zero modes

= )((Ao)(y) is first class constraint (r-independent part of the constraint)
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Hamiltonian analysis of electromagnetism in the null

foliation

Consistency conditions

e Conservation of constraints during their evolution

i’ =0 = x=20;t' =0 (differential Gauss law)
)'(A =0 = differential equation in the multiplier

e The multiplier A, is partially determined

2 - 2 r
dda = —£5 3:7ta — 2k VEFpp + 55 05 (22
Aa=Aa+Aaly)
e A, — determined part of Ay

o A free function A(y) is due to the zero modes of QA8
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Hamiltonian analysis of electromagnetism in the null

foliation

Summary of the constraints

Primary constraints: v, )(A = \f’YABF

Secondary constraint: x = a,-n".

Nature of the constraints

o 7TY — first class, A, is a multiplier in the Hamiltonian

x — first class, differential Gauss law, 77/ = \ﬁEi

Xf\) — first class, r-independent part of the constraint

(=)

° X(A,,) (n > 1) — second class, coefficients of the Taylor expansion in 1/r

We have to expand all the fields asymptotically in the vicinity of the
boundary r = const — 0.
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Hamiltonian analysis of electromagnetism in the

foliation

Standard asymptotic conditions of the fields

A, =003, A =0 @
=0, n =0(0), A )

~—~
ﬁw‘,_.
S~—
>
>
|

¢ Boundary fields: A(O)Av n(o)
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Hamiltonian analysis of electromagnetism in the null

foliation

Summary

1%t class constraints Parameters Generators Charges
ml, x =o;n' 0u, 0 Glo] Q6]
X(0) na(y) S[n] Qs[r]

e Smeared generators
Glo] = [d3x (09;' +6,m") standard U(1) symmetry

Syl = [ dBxnx? asymptotic symmetry
e Only first class constraints contribute to S[y]

Syl = [ d*x1g)ax(p) +0
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A new symmetry generator

e Transformation law of the fields

SoAy = —0,0, 0, A =en,on
Sertt =0, Syt = L 8%\ /7 Vanh
e GI0] generates standard gauge transformations, dA, = —d,60
because 0, = —0

Y 174 changes the boundary fields only
SyAA =€Nar SyAma =0, n=>1 (similarly for ")

e Improper transformations: 6 q), A

- They act on the boundary fields A(0)a and nzo)

Light front symmetries in EM & YM
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A new symmetry generator

Improved generators and charges

¢ Improved generators
Gol0] = G[0]+ Q[06] (Q[P] = surface term)
Solrl = Slnl+ Qsly] (Qsl6] = surface term)
¢ Differentiability
- Boundary terms are chosen so that G (0], 6Sg[#] are well-defined
e Charges
Q] =-¢d?yon"
&yl =H §dy yrntAa

- Infinite number of asymptotic global charges (Laurent coefficients).
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A new symmetry generator

Charge algebra
* Reduced phase space:  Gg[f] = Q[6], Sg[17] = Qs[n]

e Abelian charge algebra

{Q[6:1], Q[62]} =0
{Qs[n1]. Qs[r,]} =0
(@l Qs =Cloy]

o Central charge C[0,77] = % § d?y \/77"09460 # 0
e Holographic conjugate pairs on G2

{Q0). Qs[n]} = Cl6.y] < {q.p}=1
Q[6] — conformally soft photon mode

Qs[17] — Goldstone current
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A new symmetry generator

Mode expansion of the charge algebra

¢ Laurent series
¥(z.2) = ¥ L evigmit
e The powers (h, h) are related to the spin of the tensor i

- Scalars 7" :(0,0)
- Vectors  A;:(1,0), A;:(0,1)

Generators Parameters
Gom = 4712 Tl—n1—m Onm
Snm = _46%2 A—n,—m ﬁnm
5.nm = _4&%2 ’Z\fn,*m MThm

Olivera Migkovi¢ - April 2023 Light front symmetries in EM & YM



A new symmetry generator

e Algebra (non vanishing brackets only)

{Gnmvsk/}
{Gnmnskl}

=KnN3p1k,00m+1,0

=Kkmduik,00m41,0

e Level of the algebra: « = 4r?

e2

e Change of the basis: (Gom, Snm, Som) — (Ram, Jnm, Inm)

¢ Generalization of the Kac-Moody algebra

{Jnm. It}
{Jnm. It}
{Rom Jur ¥
{Rom, Jir}
{Ram. Ria }
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=& (n—m) Snik,00m+1,0
= —x(n—m) Snyk00m+1,0
=Kn0n4k,00m+1,0
=KMOpik00m+1,0

=Kk (n+m)bnik00me10
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A new symmetry generator

Abelian Kac-Moody subalgebras

e We obtain six Abelian KM algebras {j,, jm} = «nd,mo

Currents j, Levels
Jno, Jon K, —K
Jno. Jon —K, K
RnO: ROn K, K

e Non vanishing mixed brackets: {R0, Jmo}.{Ron, Jom} # O

e Each KM algebra is naturally generated by a current that is a holomorphic or
anti-holomorphic function.

o {Joo, Joo, Roo} span the global Abelian algebra U(1)?
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A new symmetry generator

Beyond U(1) — conformal symmetry

Conformal plane — a realization of conformal symmetry described by Virasoro
algebra

Virasoro algebra — obtained from KM algebra using the Sugawara
construction

Four classical Virasoro generators = 2i %jkj,,,k

Four classical Virasoro algebras {Ln,Lm} =(n—m) Lotm

We can have all six Virasoro generators/subalgebras, but the full algebra
becomes nonlinear.

Quantization will introduce central extensions.
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A new symmetry generator

Comment

We can also construct more inequivalent Virasoro algebras

Example: Inspired by the Poincaré charge Ql[izA(q)] ~ $d%y NEO)A(O)AC:-(A:
where ¢ are the Killing vectors of the background Minkowski metric g,y

e Virasoro generators (Kp, Kp):
Kn = 3 Lk GkoSn—k0 = 35 Lk (Jko + ko) (Ra—k,0 = In—k0)

{Kn, Km} = (n—m) Kn+m , {Kn, Km} = (n—m) Kn+m

The generators (K, K,) are independent from (Lp, Ly, L, Lp)

There is a richer symmetry structure than a usual CFT
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Extension to Yang-Mills theory

Yang-Mills theory
1 w
1A =~ J dtx GRS,
o Constraints (77, x,,x5) non-Abelian generalization

e Constraint algebra
Xath}  =fi5xco®
{anf} =fix
{xf} =)
¢ Non-Abelian symplectic matrix

QL (x,x') = =25 /77" (8ap 91 + Fapc A7) 60
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Extension to Yang-Mills theory

e Zero mode
- Solution of 9, V4 = —[A/, V4], with the bdry. condition V4|;—c = V(O)A(y)
= Va(x) = Wioa(y)Ut,  U=el drA
e Charges
Q= —§d?y 07, Qslyl = 5 § &y T naAL
e Symmetry transformations
S9,4AY = 07, 09,y A7 = —D, 67, 09,yA% = —Dab? +eng

¢ Non-Abelian charge algebra

{Q[b1]. QA2]} = Q[[61, 92]] — @ is non-Abelian
{QI8], Qs[n]} = Qs[[0. 7] + 3 § 4%y /71150467
{Qs[n1], Qs[n,]} =0 — Qs is Abelian
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Extension to Yang-Mills theory

¢ Mode algebra

— falca G¢

a b
{Gnmv le n+k,m+/

{Gam SB} = 2SS, it + K186 1 00mi 10

cb _fab T b
{Gam b} = E5E s+ xmE®0n 4 00m 10
2
e Level K= 4gi2

e One can apply the Sugawara method again: {Kj, Km} = (n — m)Kpim

Symmetries at the asymptotic null boundary, described by KM algebras and
Virasoro algebras, are general features of 4D gauge theories

Nonlinear algebra of Virasoro generators generically appears
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Discussion

Degrees of freedom count

e Dirac formula  d.o.f. = N — Nystqaes — % Nond ass

e Electromagnetism Ay _ N=4
T, X = ainl lefclass =2
XA N2"dclass =2

e dof =4-2-%2=1 WRONG! d.of =2

e The Dirac formula is applicable only when the multipliers are either arbitrary
(15t class constraints) or fully determined (279 class constraints).

- It fails when the multipliers satisfy a differential equation.

- In the null foliation: 9, A4 =FA = A4 = A(y) + 17
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Discussion

Asymptotic conditions

e Invariance of boundary conditions under Poincaré transformatons is not
straighforward

e Hamiltonian treatment at spatial infinity needs additional parity conditions
to ensure invariance under boosts

- Electromagnetism
- Yang-Mills

e Null-slices foliated standard b.c. are invariant under Poincaré group

- Electromagnetism
- Yang-Mills
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Discussion

Poincaré transfromations

e We found several Kac-Moody algebras, but not all of them are related to the
global Poincaré symmetry in 4D spacetime.

e Canonical generator of 4D Poincaré transformations
Plg] = [ d3x TY4,g"

o Differentiability of this generator is ensured by adding the boundary term
Q[0] + Qs[n] with the parameters 6 = jzA ) and 77, = " Aa.

Symplectic structure

e Symplectic form w = fd3x 0A; N dmtt is invariant under gauge and Poincaré
transformations, for instance ix,w = —0Gq[0] and ix,w = —35¢q 1]

Xo= [ d3x (0955 — 0055 ) Xy = [ dx (L Van' s +enq 55
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